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ON THE CONVERGENCE OF THE CONTINUED FRACTION OF 
GAUSS AND OTHER CONTINUED FRACTIONS.* 

By Edward B. Van Vleck. 

In the Disquisitiones generales circa seriem infinitam ... of Gauss the 
quotient 

was developed into the continued fraction 

J. C*2 X f?jj iC 

1 _T_"'r_* * •' 

in which 

_ (g 4- M-^ l)(ry~ /3 + n- 1) _ (/3 + n)(7-~a + ?0 

^*" ~ (7 +2» - 2)(7 + 2/1 - 1) "' ^^'^-^"^ ~ (7 + 271 - 1)(7 + 2/i) ' 

The convergence of this continued fraction was later a subject of investigation 
by Thom6t and Rieinann.t Both writers showed that, if the portion of the real 
axis between ac = 1 and ii; = + oo is regarded as a cut, the continued fraction 
will converge in the remainder of the plane of x except at the points in which 
F{a^ y8, 7, x) and its analytic continuation vanish, and that the limit of the 
continued fmction is the analytic function defined by 6r(a, /9, 7, a;).§ The 
proofs of Thom6 and.Riemann are both of a special and somewhat involved 
chamcter, not based upon considerations which can be applied to prove the 
convergence of any considerable class of continued fractions. Indeed, it is 
only within the past decennium that genei^al theorems for the convergence 

"^ This paper was read before the American Mathematical Society at its summer meeting in 
Ithaca, Aug. 20, 1901. 

t Crelle, vol. 67 (1867), p. 299. 

X Sullo svolgimento del quoziente di due serie ipergeometriche in frazione continua in- 
flnita, Gesammelte Werke, 1st ed., p. 400. The completion of this posthumous fragment is due 
to Schwarz. 

§ An elementary proof for the special case in which < x < 1 is found inSchlomilch, Algebr. 
Analysis y p. 821. 

(0 
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2 VAN VLBCK. 

of algebraic* continued fmctionsf have been obtained. The object of this 
paper is to demonstrate the convergence of the continued fraction of Grauss by 
theorems which are of the latter character. The theorems employed for this 
purpose are new and cover a wide class of algebraic continued fractions. Fur- 
ther application of these theorems is made to the quotient of two related 
Bessel's functions, «/„_i/»/„, and to the continued fraction which Heine has 
given as a generalization of that of Gauss. 

I. The Fundamental Theorems. 

1. iStafemenl of (lie First Two T/ieorems. To most of the common 
algcbi-aic oontinue^d fractions one or both of the two following theorems may 
be applied : 

Theorem 1. I/'k denotes the greatest modulus of a point of condensation 
of the coefficients a„ of the continued fraction 

the continued fraction will represent an analytic function within a circle qfra-- 
dius 1/4A;, descriljed about the origin of the x-plane as centre^ and the only sin- 
gularities of the function contained within the circle will be poles. 

If furthei^inore^ any circle of smaller radius is drawn about tJie origin and 
from this circle each of the poles is excluded by drawing around it a small but 
arbitrary contour , then within the region remaining the continued fraction will 
converge uniformly to the analytic function as its limit. 

Theorem 2. If from and after some fixed point in the continued fraction 

L i _1 ' n^ 

l>iz + hi + /'3~ + fu+ ^ ' 

bj^ is real and positive ^X and 2 />„ is divergent y the continued fraction will 

converge over the entire plane of z with the exception of 

(1) the ivhole or a part of the negative half of the real axis; 

* Continued fractions whose partial qaotlents are functions of one or more variables. 
t A summary of the few theorems obtained hitherto will be found In the Transactions of 
the American Mathematical Society^ vol. 2, 1901, p. 215. 

X The theorem holds also if from and after some fixed point bn is negative. 



Digitized by 



Google 



THE CONTINUED FRACTION OF GAUSS. 6 

(2) a series of isolated points p^^ p.^^ • . • > which lie ivithout this half oj 
the axis.* 

The convergence^ moreover^ is uniform in any region from which these 
points and the negative half -axis are excluded after the manner of Theorem 1, 
and the limit of the continued fraction is an analytic function whose only 
singularities exterior to the negative half-axis a7'e the j^oinfs pi, Pi, • • • j which 
are poles, 

2. Proof of these Theorems. The proof of Theorem 1 will be found 
in the Transactions of the American Mathematical Society, vol. 2, October, 
1901. Theorem 2 may be demonstrated as follows. 

By hypothesis, there is some point in (2) subsecjuent to which b^ is real 
and positive. Suppose this to be true when n ^ 2/a, and consider the fraction 

1 _L_ _L_ .... (3. 

K the nth convergent of (2) is denoted by iV„/i>n and the mth convergent of 
(3) by Nl^jiy^y we obviously have 

(4) 



^Va^ + m 




D^^,n ' 





Hence to ascertain whether the successive convergents of (2) approach a limit, 
it is sufficient first to determine whether this is the case with the convergents 
of (3). 

Now Stieltjesf has proved that when the coefficients h^^^in the con- 
tinued fraction (3) are positive for all values of nand26^_^„ is divergent, 
the continued fraction will converge uniformly in any region T, bounded by 
a closed curve which has no point in common with the negative half of the 
axis of «, and the limit of the fraction is a function which is holomorphic in 
T. It follows that when m is indefinitely increased, N^^jD^^^^ converges uni- 
formly within any such region, and its limit i\>{z) is holomorphic at every 

* It is proved later (§3) that if &„ f alfllls the conditions of the theorem and Is also real from 
the beginning of the continued fraction, the number of the points pn must be finite. Whether 
this number is always finite does not appear ; but if the number is infinite, the derivative of the 
point-set obviously can consist only of points which lie upon the negative half of the axis. 

t Annates de TotUomet vol. 8. Another proof is given by the writer in the Transactions 
Amer. Math, Society, vol. 2, 1901 ; see in particular p. 231-2. 



Digitized by 



Google 



4 VAN VLECK. 

point without the negative half-axis. Since the numerator and denominator 
of the right hand member of (4) also converge in the same manner, their 
quotient must converge uniformly t4> the limit 

^^' 1^ 4- <f > ( 2)_ y-if, -I . ^. 

except in the vicinity of the roots of />2^ -\- <f>{^) ^V-i ^*' ftl<>"J? ^'^^ negative 
half of the axis. It is impossible for J)^ -h <f>{z) ^2m-i ^** vanish identically, 
since in that case the numerator would have to vanish identically too, and 
hence ^V2^^2m-i ~~ -^%^-i ^^^ = ^> which is not true. As the numerator and 
denominator of (5) are also holomoii)hic at all points without the half-axis, 
the expression (5) is an analytic function whose only singularities exterior to 
the half-axis are poles. The continued fnu*tion (2) then^fore converges in 
the manner stated in the theorem.* 

3. A Sufficient Condition that the Nutnher of the PoIeA he Finite, In 
at least one case (which is stated lx»low in Theorem *^) we can easily prove 
that the numl)er of polos 2?j, i?i, ... is finite. 

When, namely, the coefficients in the continued fraction (2) are real for 
all values of n and satisfy the conditions of Theorem 2, an upper limit can 
be found for the number of poles of the limiting function exterior to the neg- 
ative half of the axis. These poles, in fact, correspond to the zeros of the 
analytic function to which />„ converges as n increases indefinitely, and the 
convergence is obviously unifonii in the vicinity of each zero which does not 
lie upon the negative half-axis. Now it is well known that when a series of 
functions /„(-?), holomoqAic throughout any region T, converges unifonnly 
in this region, the zeros of the limiting function within T are the jwinti 
of condensation of the zeros of the functions /„(2). Here we have 

fn(z) = D^ 4- ^* J^i^-v Furthennore, Ilurwitzf has shown that if a circle 



* For the sake of completeness it may be added that when 2 6„ Is convergent, the even 
convergents of (2) and the odd convergents approach separate limits, so that it is impossible to 
speak of the convergence of the continued fraction or of a single limiting function ^-hich it repre- 
sents. This is always the case when 26„ converges, Irrespective of other conditions which 
may be imposed on 5,^, and the limits of the two series of convergents are meromorphic over 
the entire plane. This result is not new. See, for example, the memoir of Stieltjes previously 
cited. For another mode of proof see the Transactiotis Amer, Math. Soc, vol. 2, 1901, p. 231. 

t Math, Annalen, vol. 33, 1888, p. 249. 
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THE CONTINUED FRACTION OF GAUSS. 5 

of sufficiently small mdius is drawn about each zero of the limiting function 
within r, each of the circles will contain a number of roots of /„(2) exactly 
equal to the order of the zero enclosed, for all values of ?i ^ vi^ where m is a 
fixed integer. Our cjuestion concerning the number of poles is thus reduced 
to a determination of an upper limit for the number of roots of Z>„ exterior to 
the negative half of the axis. 

Let V be the smallest value of n subsequent to which />„ is always positive, 
and consider then the number of changes of sign in the series 

for any real value of z. When z varies continuously, this number will change 
only when one or more of the Z>'s vanish. P'rom the fundamental relation 
connecting the denominators of three successive convergent^ it will be found 
that 

/)„ ^(l,„h„_,z+\^ ^\d„_, - A_ 2)„_,. (7) 

\ On — 2 / ^'« - 2 

alike when n is odd or even. Accordingly, when any term in (G) vanishes, 
the preceding and following terms have opposit^i signs. If two successive 
terms should vanish, then simultaneously every Dy^^i vanishes. But />o= 1, 
Di = 62^-|_i z. This happens therefore only when v is odd and z = 0. Hence 
we see that an alteration in the number of changes of sign in (6) can take 
place only when 2; passes through a root of Z>^ or />^ + 2„, and that there is a loss 
or a gain of a single sign for a root of either unless z = 0. 

Suppose now that v is even. If we throw out a common factor, the tenns 
of highest degree in the successive members of (6) will be erjual to 

When, therefore, 2; = — oo is substituted in (6), there will be n alterations 
of sign. On the other hand, the terms of (6) all have the same sign when 
z = 0, since the constant tenn of D^n is always ecjual to 1. It follows that 
D^, and Dy^<in together must have at least n roots in the negative half-axis. 
But their degrees are equal respectively to vj2 and n 4- 1^/2. We conclude 
therefore that the number of roots of D^j^^n without the half-axis can not ex- 
ceed V, 

Suppose next that v is odd. As before, there will be n changes of sign 
in (G) when ;? = — 00 , The terms of lowest degree, however, are equal now to 
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6 VAN VLECK. 

(61 + ^ -f ^>5 + • • 4- K)Z, (61 + ^>3 + • • + A. + 2)2^. • • • . 

(ft| 4- />8 + • • + ^>. + 2«)^- 

Since ft„, by hypothesis, is positive for n > i;, the number of changes of sign 
here can not exceed unity. Hence the nunilx»r of changes of sign in (<>) for 
an exceedingly small negative value of z cannotexceed unity, and Z>^and D^^^n 
together have at least ?« — 1 roots between ^ = and ^ = — oc . As they also 
each have a root in the origin and as their degrees are ecjual res|)ectively to 
{y + l)/2 and n -\- {v -\- l)/2, we conclude again that the nunil)er of rOots of 
Z>„ exterior to the negative half of the axis will not exceed i/. We reach thus 
the following result : 

Theorem 3. If the coefficients b^ are real from the outset in the contin^ 
ned fraction of Theorem 2 and if v is the smallest value of n subsequent to which 
they are always positive^ the number of poles of the function defined by the con- 
tinued fraction^ exterior to the negative half of the real axis of z^ wdl not exceed 
Vy each multiple pole being counted a number of times equal to its order, 

4. A Sufficient Condition for the Applicability of Theorem 1. We pro- 
ceed now to determine a class of continued fractions of the form (1) to which 
Theorem 1 is applicable. In many continued fractions of that form, it is pos- 
sible, for sufficiently large values of /*, to ex[)and a.i^_i/a^„ and a^„/a^^_^i into 
convergent series in ascending powers of 1/n with constant coefficients. Sup- 
pose then that 

I' J' 

+ ••••, (t>) 

+ . . . . (10) 







^2n-l 
^2n 


= 


1 + 


n 


A', 






^2H 

^2»+l 


= 


1 + 


iff 


.1" 


these 


we 


derive 














«^2i, + 1 , 




A\- 


f -1;' 


1 

4- .— 



"2m - I '* " 

and a similar power series for a^n-^^/^hn^ i'^ which the first two terms are the 
same as in (11). If now the real imrt of A'l -f Ai is positive, a theorem of 
Weierstrass* shows that o^n + i ^"d a^n with increasing n approach the limit 0. 

• Ueber die Theorie der analytischen Facaltaten, Crelle, vol. 61, 1866, p. 26; Werke^ vol. 1, 
p. 181. 
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THE CONTINUED FRACTION OF GAUSS. 7 

Theorem 1 then gives complete infonnation concerning the continued fraction 
and shows that it represents a function which is either holomor|)hic or mero- 
morphic over the entire finite plane. 

If the real part of Ai + Ai is negative, a^ approaches the limit A: = qo , 
and no information at all concerning the continued fraction can be obtained 
from Theorem 1. 

Lastly, if the real part of Ai + Ai is equal to zero, the moduli of ag^and 
a^n + i approach finite limits, which by (10) are seen to be identical. Their 
arguments, however, will fail to approach definite values, unless the imaginary 
part of Ai + A{ vanishes, too. When this happens, o^n and a^^i must both 

00 1 

approach limiting values, since 11(1 4- -j) is convergent. The identity of the 

two limits then follows from (10). If^ therefore^ equations (9) and (10) hold 
for large values of n, the necessary and sufficient condition that «„ shall approach 
a finite limit different from zero is that Ai + A'l shall be equal to zero. 

5. TTie Convergence of the Continued Fraction (1) when A[ + A'{ = 0. 
Case I : a^ Ultimately Heal. When the condition : 

A[ + A'{ = 

is fulfilled. Theorem 1 deteraiines the convergence of the continued fraction 
for a portion of the x-plane.* Further infonnation regarding its convergence 
can be gained by throwing it into the form (2). For this purpose put x = l/z 
and then transform so as to remove z from the partial numerators. It will 
then appear in the alternate denominators, beginning with the first. An easy 
and well known reduction, which alters neither the value of the continued 
fi*action nor the value of its convergents, then gives the following values for 
the coeflScients of (2) : 

1 ai g g . . . a^n-l r (h^U • • • «2n >i,.x 

Oj = — » 02n = > O-in-fl == • \^^) 

aj f/2«4 . . . (f2n ^ ^'l«^3 • . . «'2« + l ^ ^ 

We will take up first the case in which a„ is real for all values ofn^m^ 
where m denotes a fixed number. Since by hypothesis 

limit -"-^= 1, 

n = oo ^n 

* Theorem 1 is also applicable when only the real part Ai + Ai vanishes. This case will 
not concern us here. 
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8 VAN VLK(^K. 

a„ must ultimately have a constant sign. If this sign is — , it may be changed 
to + by putting x = — x\ We may therefoix^ assunu* that a^ is real and 
positive when n exceeds the even integer 2/i. 

Let now the fii-st "Ifi partial quotients of (1) be omitted, and consider the 
continued fiuction which remains. For convenience we will denote* the coeffi- 
cients of its numerators by c/J, ^4, • • • . The corresponding valuers of 14^ and 
^2»-l-i ^^^ I'^'ftl *"<! positive. P\u-thermore, when n is sufficiently increased, 
we have 

;r'= ?"- ==1 + 7 +.... (14) 

Now since A[ 4- -/I'/ = 0, <»ither Ai or Ax nuist be greater than — 1 ; say the 
tonner. Then 

Kn 






whence it follows by a theorem of Kimbe's* that 2 AJm i*^ divergent. If 

^','> — 1» ^'<^ '*^^*^* similarly that 2 ^4«-i-i diverges. In either case, all the con- 
ditions of the theorem of Stielt jes (juotcnl in §2 are fulfilled, and the continued 
fraction, after the omission of the first 2/i partial (juotients, will converge over 
the entire plane of z except along a cut from 2 = (Mo ;r = — x. Since x = l/^r, 
there is a similar region of convergence in the plane of r. When the 2fi 
paitial (juotients are restored, the reasoning of §2 may l)e repeated. We 
conclude therefore that under the conditions indicated the continued fraction 
(1) repr€\sents a function whose only singularities extc»rior to the negative 
half-axis of x are poles, f 

6. Continuatiou ; C(ii<e II: a^ Not Ultlmateh/ Heal, The diiwt con- 
sideration of (1) when A[ -f A'l = 0, appears to Ih^ difficult if a„ is not 



• ZeiUchrifl fur Physik nnd Mathematik, vol. 10, Vienna, 1832, p. 63; cf. for example, Stolz, 
Allfjemeine Arithmetik^ vol. 1, p. 268. 

t If -4i < — 1 and -4j' < — 1, the series 261, is convergent. In this case the limit of the 
series of odd conver^ents or of the series of even converg^ents is meroiuorphic over the entire 
plane of x, but the two limits are not Identical. 



Digitized by 



Google 



THE CONTINUED FRACTION OB" GAUSS. 



ultimately real, or at least if Ai and A'^ are not real. For Weierstrass* shows 
that the argument of 6^ will fail to approach a limiting value if the imagin- 
ary component of A[ in (13) or of Ai in (14) is not equal to zero. On this 
account it is better to proceed indirectly. 

Equation (7) enables us to consider the even and the odd convergents 
separatc^ly. Since a similar relation connects the numerators of the conver- 
gents of (2), the even conviergents fonn by themselves the successive conver- 
gents of the continued fraction 

bi ' //2 b^ 



bA^ 4- 1 - b^b^z -h 1 -f ^* - b^b^z -f 1 + 77 - 



(15) 



.while the odd convergents have a like connection with 
_L| 1 bi ^3 



^1^1 , , , bo , , ^ bs 

^ hjK,Z -f 1 -f -^ _ h^h^Z + 1 + ^' 



(10) 



If in (16) we set -^^^-=ti _ a\\ and then reduce the continued fi-action to the 

b^n - 1 
normal fonn in which each partial numerator is equal to 1, it becomes 

in which U^ is obtained from the 0/^ by doubly accenting the letters of (12). 
The continued fraction (17) is of the fonn 

^ - Bj:^C, - B,z + (7, - ^^^""^ 

We shall show that B^ approaches a limit different from 0, which we shall de- 
note by k~^^ and that 6„ approaches 2 as its limit, when » = oo . The con- 
vergence of the continued fraction 

1-r-T^^ — T. ^r^ — ^ •••• (l^^*) 

k-^z + 2 ^ k-^z + 2 — ^ ^ 

♦ Werke, I. c, p. 181-184. 
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10 VAN VLECK. 

can be dealt with directly by means of theorems already established, and then 
the fraction (17a) can be treated in a similar manner. 

Let the first 2r — I partial quotients of (1) be omitted and consider in its 
place the continued fraction which remains. If r has been taken sufficiently 
large we shall have in the contiimed fraction corrt»sponding to (17) 

and the value of i'/ can accordingly Ix* made* to differ from unity by as little as 
we choose. The same is obviously true of h^l, Fuithennore 

ft'iw _ ^h.n —J _ ^Un — 1 _^ 'Un + 1 _ ^An -f 2r - S _^ ^Un ± 2r -1 
'hn — 2 ^'2» ^4» — 3 ^Un — 1 ^Un + 2r — 2 ^Un -|- 2r 

whence we obtain with the aid of (1>) and ( 10) 

A\ Ji 



■^2n-f »• (2/* 4-0*^ 



^ (2n + r)«^ (2/i-hr)» ^ 

It will be noticed that the first power of 1/(2/* + r) does not appear. We can 
show in like manner that it is absent in the eximnsion of />2„ '^1/6211 -i- There 
must therefore exist a positive number C such that the ine(|uality 






< 1 + 



shall hold for all values of h. Now the product 



.5.0 ^oT^?) 



by increasing r sufficiently can be made to differ from unity by as little as we 
please. Since this is also the case with /// and Ul^ it is possible so to choose 
r as to make 

!&'«'- 1 1 <€u («=1,2, . . .), 

in which e^ is a small but arbitmrily assigned [)()sitive (luantity. 
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THE CONTINUED FRACTION OF GAUSS. 1,1 

Furthermore, in each partial denominator of (17) we have the relation 
/>„6„^i = l/a„^2r' If> then, k is the limit of a„, the following condition may 
niso be fulfilled 

\KK + \-1^~^\<^i^ (n=l,2, ...) 

Lastly, since 

the value of this ratio can be made to difler from unity by a quantity of as 
small a modulus as is desired. Hence we see, finally, that ifr h(fs been taken 
sufficiently large ^ the miccesf<ive partial denominators of (\1) for any given 
finite value of z will all differ from kr^z -\- 2 by a quantity ivhose modulus is 
smaller than an arbitrarily prescribed quantity e. It is also possible so to 
choose r that this shall hold uniformly for a given finite regionof the plane of z. 

7. Completion of the Proof in Case II. We now have all of the mate- 
rial at hand for the final determination of the region of convergence of the c(m- 
tinued fraction (1). We suppose thatr fulfills the condition of the close of 
§6 and place 

70 — k^^z. 

Also let T" be the corresponding region in the plane of w. This region shall 
lie wholly above or else wholly below the real axis. If the continued frac- 
tion (17) is transformed so as to make each of its numerators ecjual to + 1, 
the signs of the alternate denominators must be changed. Hence at each 
point of 2^ the imaginary component of the denominators will be alternately 
positive and negative. Also, in jT the absolute value of the ratio of the im- 
aginary to the real component of any denominator will never sink below a 
finite minimum. Lastly, the sum of the absolute values of the denominators 
is divergent throughout 2^'. When these three conditions are fulfilled, it fol- 
lows by a theorem which I have given in the Transactions of the American 
Mathematical Society^ vol. 2, p. 229, that the continued fraction converges 
throughout T. The reasoning of the succeeding pages also shows that the 
convergence is uniform throughout 2'. 

We have thus shown, under the conditions stated, that if a sufficient 
number of partial quotients at the outset in (1) are omitted, the convergents 
of odd order will converge at each point of T\ A similar course of reasoning 
applied to (15) will prove that this is also true of the even convergents. Since 
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12 VAN VLECK. 

the convergence is uniform, the limits are holomorphic within T'. If, now, the 
omitted partial quotients are restored, the reasoning of §2 makes it evident 
that the limits of the two series of convergents are analytic functions whose 
only singularities in the interior of 'P aix» polos. Since ?/' = t"*x"^ it 
follows from Theorem 1 that the limits of the two series of convergents ar6 
identical in the portion of the tr-plane which lies without a circle described 
about the origin iis center with a radius equal to 4. If T' does not extend 
into this portion of the plane, it is possible to enlarge it so that it shall. Thus 
the limits of the odd and of the even convergents must coincide throughout 
the whole region T' since they are analytic functions and coincide throughout 
a part of this region. Finally P can l)e enlarged so iis to include as much of 
the positive (or of the negative) half-plane as is desired. We conclude there- 
fore that if a cut is made along the real axis from w = — A to ?r = 4, the con- 
tinued fraction will represent a function which is meromorphic in the remainder 
of the plane. 

To obtain the corresponding regi(Mi of the .r-planc, we first draw a straight 
line through the points x = ±, \/4k and then cut the plane along the two seg- 
ments of the line which lie bt^tween these point.s and x. 

8. Our last step will be to show that one of the two cuts just made may 
be dispensed with. Take for this purpose any region T" in the ?r-plane in which 
the real part of w is positive and which includes a portion of the real axis. 
We have already proved that by pro|)erly choosing r the denominators in the 
continued fiuetion (17) can be made to diffc^r from tr -|- 2 throughout 7"* by a 
quantity whose modulus is smaller than an arbitrarily prescrilwd quantity €. If 
€ is taken sufficiently small, the moduli of the denominators will exceed 2 at 
each point of 7'", inasmuch as the real part of tr is positive. This will also 
hold for each denominator, except the first, in the continued fraction which we 
derive from (15) in the same manneras (17) was derived from (16). The first 
denominator, 62" ^ (/>i/>2^'^^ + 1)> will obviously exceed 1 by at least some 
small quantity A, if r is sufficiently large. The convergence of both continued 
fractions within J"' then follows from a theorem of Pringsheim.* We shall, 
however, reproduce his reasoning here in such form as to make it immediately 
apparent that the convergence of both fractions is uniform. 

For convenience, let the nth partial quotient in either continued fraction 

♦ Sitzungsberichte der MUnchener Akademie, vol. 28, 1898, p. 313-316. 
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he denoted by l/r„ 

of r" 


e'*". 


According to our hypothesis 
ri > 1 4- h. 


and hence 






From the relation 






it follows that 




/)„ = >■„('">'/)„_,+ D„_, 


IA.I ■ 


- K-^ 


.-,1 S |i>„_i| - \D„_.,\ S 


Hence \D„\ g 1 + 


nh. 


Fiirthorniorc 

A^^i ^V„ 1 



and consequently 






+ T7I r. ,' + 



1 



^ i_r 1 1 

"^ oV +~nTTT- ') (/I 4- 1 + /<- oJ ' 

Since the value of the last expression can be made as small as we choose by 
suflSciently increasing n, the continued fraction will converge uniformly within 
T'. 

The region T" can now be enlarged so as to include as much of the posi- 
tive half of the u;-axis as is desired. The portion of the 2^?-ciit between the 
origin and w = 4: was therefore superfluous. In the .r-plane we may omit 
the cut between x = 1/4A: and x = cc which corresponded to this portion. 

This completes our determination of the character of the function repre- 
scntc^d by (1) when Ai + A^ = 0. The result reached can be summed up as 
follows : 

Theorem 4. ^in the contimied fravlion of Theorem 1 the ratios a^^ _ i/a^n 
and a^nhhn-^'if^''' sufficiently large values ofn can be expanded into convergent 
series in powers o/l/n and if A'l + A^ = 0, the region tvithin ivhich the con- 
tinued fraction represents an anal j/ tic function can he extended so as to include 
the entire plane ofx with the exception of a cut draionfrom x = — IjAJc tox = ac 
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14 VAN VLECK. 

in a direction which forms the continuation of the line joining the origin to 
x = - 1/ik. 

The only singularities of the analytic function exterior to the cut are poles 
and the continued fraction converges in the same manner as in Tlieorem 1. 

If A[ -I- A'l ii and the real part of A'l -f Ay is positive^ the continued 
fraction rejyresents an analytic function which^ in the finite region of theplane^ 
has no other singularities than poles. 

If the real part of A^ -\- Ai vanishes but the imaginary part does notj then 
the continued fraction represents an analytic function which at least trithin a 
cirde described with a radius l/Ak about the point x = i) has no other singular- 
ities than poles. 

II. Application of the Fundamental Theorems. 

9. (a) . The Continued Fraction of Gatiss. The last theorem can be 
applied directly to the continued fraction of Gauss. For since 



«^n = — 



(^ + 2«-"2)(7-h2/i- 1) ' ''*'• + ' ~ (y + 2/f-l)(7+2n) 
a^ has the limit ^ = — 1/4. Moreover, 

ajn- i ,. 2)8 - 2a 4- 1 . 1 

«2,. 

a,,„ , 2/3 - 2a -f 1 



n n^ 



^in + l »i 

and A'l H- A'( ~ 0. The continued fraction therefore rej>resentj^ a function 
whose only singularities exterior to the portion of the real axis bt»tween x —\ 
and a; = -I- 00 are poles. It also converges unifonnly to the function as it« 
limit in any region bounded by a continuous curve, from which the poles and 
this portion of the axis are excluded. 

It remains to identify this function with the quotient G{a^ )8, 7, x) from 
which Gauss derived the continued fraction. Now 

where 

Gi = G{a + 71, /3 + n, 7 + 2n, x). 
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THE CONTINUED FRACTION OF GAUSS. 15 

Hence 






2n 



This shows that when G(ay /8, 7, x) and ^^JD^n are expanded into series in 
ascending powers of x, their expansions agree to a greater and greater num- 
ber of terms as n increases. We will prove that (r^a, )8, 7, x) coincides with 
the limit of N^JD^ hy demonstrating the following 

Theorem. If a sequence of analytic functions converges uniformly to a 
limit in the vicinity of the origin and their expansions in ascending powers of 
Xj as n increases^ agree to a greater and greater number of terms with a given 
series P(x)y this series is the limit of the sequence,* 

Ijetfn{x) represent the nth of these functions and let 

f„(x) = a'S' + <^ + , 

I\X) =Cq -I- CiiC + . . . . . 

Then, by hypothesis, if the positive integer m is chosen at pleasure, a second 
integer fi can be so determined that 

4"^ = Co, ai"> = q, . . . aj;>_ 1 = c„ _ 1, n^ fi. 

Hence, geneitilly, 

lim aj"^ = Ci. 

n — « 

The theorem asserts that 

J>(x) = lim f,(x). 

n := 00 

To prove it, then, we have only to show that the limit of the series 

f/o"^ + ai"^3C 4- . . . . 

♦ This theorem follows from the theorem that, If «„(x) is a single valued, analytic func- 
tion of X throughout the two-dimensional region T of the complex plane for n = 1, 2, . . . 
and if »»(«) converges uniformly in T when n = 00 , its limit being denoted by F{x) ; 
then F«)(a5) = lim »^*'(a;), < = 1, 2, 8, . . . , and the proof is now readily completed. Cf, 

de la Valine Poussin, Annales de la Societe 8cient\flque de Bruxelles^ seconde partie, M^moires, 
vol. 17, 1898, p. 324. [Ed.] 
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16 VAN VLECK. 

is equal to the series of the limits : 

liin a{)"' + lini a[''^x + 



This follows immediately from the uniform convergence. Thus the theorem 
is proven, and the limit of the continued fraction of Gauss is the function 

If a, /8, 7 arc real, an uppt^r limit for the number of poles of this function 
exterior to the positive half of the real axis can he olttained with the aid of 
Theorem 3. It will be seen at once that it can not be greater than 2JV, if iV 
is the smallest positive integral value of n for which the following inequalities 
simultaneously hold : 

a -f ?* — 1 > 0, /3 -\- n > 

7 — 1 — )8 + w > 0, y — a -\- n > {), 7 + 2 w > 0. 

This furnishes also an upi>er limit for the numl)or of zeros of /'(a, /8, 7, ,r) and 
its analytic continuation which lie without the positive hnlf-axis. 

10. (/>). The Continued Fraction for BesseTH QuotHmt J J J^_i, From 
the well known equation connecting three consecutive related BessePs func- 
tions, 

the continued fraction 

'In \ \ 











X 2h + 2 


2h + 4 














X 


X 






is derived. 


This 


may 


be transformed 


so as to l)ceonie 








X 


'i 




x« 


»;« 






2n 


2m + 


{•lu 


+ 2)C2« + 4) 


(•2» + 4)(2« 


+ 


«) 


X 


1 


— 




1 


1 







. . . (18) 

Also by removing a factor x-~' and placin<r ^ = — x~^, it may be thrown into 
the form 

1 J 1 

'^'+ (2/1 -f 2)z + (2/^4-4) + (2/i+ i\)z + * * * ^ ^ 

The application of Theorem 1 to the continued fraction (18) shows that 
it represents a function which is meromorphic over the entire plane. The 
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THE CONTINUED FRACTION OF GAUSS. 17 

identity of the function with «/„_ i/e/,^ can be established easily with the aid of 
the theorem of §9. 

When n is real, Theorems 2 and 3 can both be applied to (19). We thus 
find that the number of poles of the function defined by (19) which lie without 
the negative half of the axis is equal to zero if n > — 1 . When n lies between 
the two negative integers, — 7n and — {m -{■ 1 ) , the integer m furnishes an upper 
limit for the number of such poles. Now to each of these poles there corre- 
sponds a pair of imaginary poles of the meromorphic function defined by (18) . 
Since the poles of the latter function are the roots of «/„, we conclude that all 
the roots of «/„ are real if n > — 1. If n < — 1, the number of pairs of conju- 
gate imaginary roots cun not exceed m. As a matter of fact, this is the exact 
number.* 

U. (c). Heine's Continued Fraction. One of the generalizations of the 
hypergeometric series i^(a, /8, 7, x), which was proposed by Heinef is the 
series 

,(.........,.i.<',-j;)o- |; ) 

(l-<?»)(l-,y>+i)(l-y>')(l-r/ + ') 

This satisfies a difference equation of the second order. The hypergeometric 
series is the limiting case obtained by letting q approach unity. Without in 
any way restricting the generality of the above series, we may assume y to be 
less than unity. > 
For the quotient 

<f>(a, /3-f 1, 7+ 1, g, a;) 
<^(a, y3, 7, y, x) 

Heine obtained a continued fraction of the form (1) in which 

„ ,,+.-. (i-r+"-')(i-'?--^+''-') 

a ,. + .-, (1 -?" + ")(! -r-'+") 

* Math. Annalen, vol. 88, 1888, p. 268. 
t Crelle, toI. 84, 1847. 
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18 VAX VLECK. 

When n increases indefinitely, the limit of both of these coefficients is obviously 
zero. Theorem 1 is therefore applicable and shows that the continued fraction 
represents a meromorphic function, which, by the theorem of §9, may be 
proved to be identical with the above quotient. 

WeSLEYAN UXIVKR8ITY, MiDDLKTOWN, CONN. 
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ON THE DIFFERENTIATION OF AN INFINITE SERIES 

TERM BY TERM. 

By M. B. Portbb. 

If 

f{x) = 2w„(a;), a<x<b, 

denote a convergent series of single valued, differentiable, real functions of the 
real variable a, the ordinary suflScient condition that the derivative /'(x) exist 
and that 

00 

namely, that each term i^„(a;) be diflerentiable and that the series 2 'u|^(x) be 

unifonnly convergent, is practically limited to the case where the uniformity 
can be tested by means of a so called ilf-series. That is, we shall have 

00 

f{x) = 2<(a;), a<x<b, 

00 

if there exist a convergent series of positive terms, 2ilf„, such tliat 

|<(x)|^itf«, a<x<b. {A) 

The pmctical importance of this test in that, in particular, it is immedi- 
ately applicable to power series and thus leads to a simple as well as rigorous 
treatment of undetennined coeiflScients, renders an elementary proof of it de- 
sirable. The following proof, while probably not new,* has not come to the 
notice of the writer elsewhere, and seems to be suflSciently elementary. 

If X and X + Aaj lie in the interval of convergence of the series 

00 

* Dini, Functionen einer reellen Groase, p. 154, ases the Mean Value Theorem, bat as he de- 
duces a more general criterion, his proof Is much less elementary. 

(19) 



Digitized by 



Google 



20 DIFFEREXTIATIOX OF AN INFINITE SERIES. 

then, by the primary definition of convergence, we have 

f{ x -h A x-) -/(JQ ^ I u^{x -h A x ) - »i„(a;) 
Ax I Ax 

and, by the first Mean Value Theorem, 

f{x + Ax) ^/(x) 



Ax 



= 2<(^+^nAx), 0<d,<l. (1) 



If € be an arbitrarily assigned i)ositivc number as small as we please, (^1) 
tells us that a positive int<»ger N can be found such that 

|i<(x+^,A;t01<|. (2) 

-V ^ 

Furthermore, since each tenii w„(x) has a derivative wj,(x), a number h can 
be found such that, if | Ax | < S, 

i/,.(x -h Ax) — w-Cx) , , ^ . V 

''^ ^^ "^^-^ = u'^{x + ^„Ax) 

will differ from its limit, ?<J,(x), numerically by less than €/2n^ so that 

\lu'„{x+0„^x)-iuUx)\<'y (3) 

I 1 ^ 

Hence it follows that 

/(x + A.r)-/(x) 



Ax - ?"»(•'•) 



< €, I Ax I < S, 



which proves the theorem. 

The continuity, or even the int(»grability, of the derivatives iin(x) is not 
postulated in the above proof, since the Mean Value Theorem merely recjuires 
that the derivatives exist. 

The same proof can be applied when x denotes th(» complex variable, 
Xi -h Xjt, the Mean Value Theorem* for functions of a comi)lex variable now 
being employed. 

New Haven, CoNNEcricrT, 

AUGUKT, 1901. 

♦ Stolz, Diff. u. Intefjralrccftnuutj, vol. 2, p. 95. 
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A NOTE ON GEODESIC CIRCLES. 
By J. K. Whittemorb. 

BiANGHi defines a geodesic circle as the locus of a point on a surface at a 
constant geodesic distance from a fixed point of the surface.* In this note I 
use the term in this sense. Darboux calls a curve of constant geodesic curva- 
ture a geodesic circle, t Bianchi states in a footnote J that all the geodesic 
circles of a surface are curves of constant geodesic cui-vature, when the total 
curvature of the surface is constant. 

In this note I shall prove a set of more general theorems from which 
Bianchi's statement and its converse follow at once. I use the term " geodesic 
circle " in Bianchi's sense. My theorems are the following : 

Theorem 1. If\ on a surface^ there exists a family of concentric geodesic 
circles such that the geodesic curvature of each curve of the family is constant ^ 
then the total curvature of the surface is constant along each curve of the family^ 
and the surface is applicable to a surface of revolution so that the geodesic circles 
fall on the circles of latitude of this surface. 

Theorem 2. Conversely^ if on a surface^ there exists a family of con- 
centric geodesic circles such that the total cu'rvature of the surface is constant 
along each cui^e of the family y then the geodesic curvature of each geodesic 
circle is constant y and the surfax^e is applicable to a surface of revolution by the 
former theorem. 

Theorem 3. Finally ^ if a surface is applicable to a surface of revolution 
so that the members of a family of concentric geodesic circles of the surface fall 
upon thej^ircles of latitude of the surface^ then the geodesic circles are cui^es of 
constant geodesic curvature and of constant total cwvature, 

I suppose the common centre of the geodesic circles to be an ordinary 
point of the surface. I choose as curvilinear coordinates on the surface, the 
geodesic distance, w, from the common centre of the circles, and the angle, v, 
which a geodesic makes at this point with some fixed direction on the sur&ce 
at this point. Then the linear element of the surface has the form, 

ds'^ = du^+ C^dv\ 

♦Biancbl. Vorlesungen iiber Differentialgeometrie,^. 160. 
t Darboux. Th^orie generale des surfaces, vol. 8, p. 151. 
J Z. c, p. 162. 

r2n 
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cC 



where 



'■■-i = "• ^.-r 



* ~ C -"*" 



The geodoHic curvature of one of the geodesic circles Is given by the formula : 

Pu " O en ' 
The total curvature of the surface at any point is* 

1 cW 

Consider first Theorem 3. The element of arc d^S of a surface of revo- 
lution can be expressed in the form 

where da denotes the element of arc of a meridian curve, y=/(x), and 
^(<r) = y ; the longitude being measured by 0, According to the hypothesis 
of the theorem, it is possible to determine u and v as functions of o- and such 
that, when u = const., a = const, also and furthermore that dS^ = dn^^ or 

du^ + C^dv* = da^ + <f>*d0*. (1) 

Let w = w(o-, 0)y V = v(a, 0). Then, from the first condition it follows that 

Substituting for du and dv their values in terms of da and d0, we show further 
that 

?!f _ 1 ^ _ 

a c<T 

Hence w = <r and v is a function of alone. Since the assignment of the indi- 
vidual geodesies v = v^ to the individual meridians ^ = tf, is still arbitrary, we 
may make this assignment in such a way that v = 0. It then follows from (1) 
that 

t. e.f that (7 is a function of w alone. The same will be true of l/p„ and /c ; 
hence the theorem. 

* For these formulas see Blaiicbi, I. e. pp. 161, 148, 159. 
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A NOTE ON GEODESIC CIRCLES. 23 

Let US now suppose, to prove Theorem 1, that the geodesic circles, u = 
constant, are curves of constant geodesic curvature. Then 

Pu C du 

where iJis a function of u alone. We have by integration 

where Fis a function of v alone. 

Now, since ( -;r— - j = 1, it follows that 
V du /u=o 

1 = C^'(0)e^W+'W, 

and hence that Fis a constant. O is, therefore, a function of u alone, and 
Theorem 1 is proved.* 

Finally, to prove Theorem 2, suppose that the geodesic circles, u = con- 
stant, are for the surface curves of constant total curvature. Then is 

where F(0) is finite, since the centre of the geodesic circles is an ordinary 
point of the surface. In order to integi-ate equation (2), let f/be a solution 
of the ordinary differential equation 

which vanishes for w = 0. Then we have 

Next, replace C by z where 

z is an unknown function of u and v, which must however vanish for w = 0. 
For the determination of z we have the equation : 

S + 2^-11-0. 

du^ du 

* For a proof of the theorem that, if the element of arc of a surface can be written in 
the form dS* = Edu* + Odv*, where E, G are functions of u alone, the surface Is applicable to 
a surface of revolution, c/. Picard, Traiti d: analyse, vol. 1, p. 423. 
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24 WHITTEMORE. 

Integrating this equation, the general vahie of r is found to b<» 

where Kand Vi are arbitrary functions of v. Since now « and u vanish 
together, Vi is identically zero, and 



rj ^ e^^+'' r^*'' ^''^• 



Furthermore, since for w = 0, we have 

it follows that for all values of v 

e^ = 1. 

Hence Fis identically zero, and 

= e" Te-^^f/w 

and is a function of u alone. Theorem 2 follows at once.* 

Harvard Untvbrsity, 

Cambridge, MA88ACiiimKTTB, May 18, 1901. 

♦ Plcard. L c. 
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NOTE ON THE FUNCTIONS DEFINED BY INFINITE SERIES 
WHOSE TERMS ARE ANALYTIC FUNCTIONS OF A COM- 
PLEX VARIABLE; WITH CORRESPONDING 
THEOREMS FOR DEFINITE INTEGRALS. 

By W. F. Osgood. 

Let 

/i(^) +/2(^) + • • • (a) 

be an infinite series of real functions of the real variable x, fn{^) being single 
valued and continuous throughout the interval (a, b) : a^x^by and let the 
series converge for all values of x pertaining to this interval. Its value shall 
be denoted by F(x). The class of functions I^(x) thus defined and the mode 
of convergence of the series have been studied at length.* In particular, the 
function F(x) need not be continuous throughout any interval lying in (a, b) . 
This class is coextensive with the class which, at first sight, might appear to 
be smaller and which is obtained by imposing onfn(x) the further restriction 
that it be analytic throughout the interval (a, b). For, let 

Then there exists a function (^^{x) analytic throughout the interval (a, b) and 
differing numerically from «„(cc) uniformly by an arbitrarily small amount, 
i. e. <Tn(^) satisfies the relation 

\Sn(x) -(T^(X)\ < €, 

where e is an arbitrarily small positive quantity.! It is readily seen that the 
function <T„(aj) converges towards the value JF(x) ; for 

I ^X^) — '"^nix) I < e', w'e^uitoblT chosen ! ' 

\Sn(x) - (T,,(x)\< e; 

\F(x) -<j„(a;)|< € + e'. 
Now form the series : 

♦ Cf. Schoenflles, Bericht fiber die Mengenlehre, Jahresbericht der Deutschen MathemcUiker- 
Vereinigung, vol. 8, 1900, chap. 7, p. 217. 

t tf'n(aj) may, in fact, be chosen as a polynomial. This follows from Weierstraas's theorem 
that any continuous function of a real variable can be represented by a uniformly convergent 
series of polynomials. Gf. Plcard, Traite d'analyse, vol. 1, Ist ed., p. 258. 

(26) 
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where <l>n{j') = ^n{^) — <''n-i(-^)» " > 1 ; ^\(^) = <^\{^)' ' Then this is the 
desired series ; namely, a series of analytic functions having the same function 
F{x) for its value as the original series. 

If wc {lass from the domain of real to that of complex variables and func- 
tions, the precise analogon would be a series of complex functions, single val- 
ued and continuous throughout a two-dimensional region T of the complex 
z-i)Iane and convergent at each point of this region. Such series are without 
interest unless their tt»nns are anah'tic functions of z. We shall here consider 
the claits of functions 

^'(^) =/i(^) +/«(^) + • • • • 
defined by a series of functions^ each of which is analytic throughout a 
two-dimensional region T of the complex z-plane^ the series being assumed to 
converge for every poitU z lying within this region. 

The princiiml results of the paper are stat<'d in Tlieorems I and II, and 
are of a very general nature. The condition of uniform convergence is no- 
where imposed. In fact. Theorem II presupposes only the bare convergence 
of the series — nothing more. The proof of Theorem II depends on a theorem 
in the theory of sets of points, which is quoU»d in No. 5, and which has already 
proved of value in the study of general (]uestions in the Theory of Functions. 

We observe that from Tlieorem II follows at once a proof of the theorem 
that a function of z which is continuousjhroughout T cannot be represented by 
means of a series of functions each analytic throughout T unless it is atlea^tin 
parts of T analytic, 

§1. 

1. Theorem I. If the infinite series 

/i(^) +/«(^)+ • . • . , (1) 

whose terms are all functions of r, single valued and analytic throughout a 
region T of the complex z-plane^ converges for all values of z pertaining to a 
set of points which is everywhere dense throughout T (and which ^ in particular^ 
may be enumerable) ; and if furthermore^ the relation 

I /i(2) + • • • + Uz) I ^ G 
holds for all points z of thin set (and hence of T) and for all values of Uy G 



Digitized by 



Google 



FUNCTIONS DEFINED BY INFINITE SERIES. 27 

being a positive constant ^ then the series converges for all values of z in T and 
the function F{z) defined by the series: 

F{z) = f,{z) + Mz) + .... 

is analytic throughout T, 

To prove the theorem, we set 

/n(«) = Wn(aj» y) + ^X(a^, y), « = X + iy, 

form the series of harmonic functions 

wi(«,y) + M^^y) + • • • » (2) 

and show that this series converges uniformly throughout the neighborhood 
of every interior point A of T. Hence the function u(Xy y) defined by (2) 
is harmonic in Tand the series can be differentiated tenu by term, the result- 
ing series converging likewise unilbimly. The series of conjugate functions, 

Vi(«>y) +V2(x,y) + . . . (3) 

converges for each interior point of Tand the function i;(x, y) that it defines 
is conjugate to the function w(a3, y). 

2. The details of the proof are as follows. We begin by expressing 
certain harmonic functions with which we have to deal by means of Poisson's 
Integral.* About the point A describe a circle lying wholly within T. De- 
note its radius by iZ, any interior point («, y) by P, and any point on the 
circumference by Q. Further, denote the angles that u4P and ^^ make with 
the positive axis of a; by ^ and ^jr respectively, and the distance AP by r. 
Then) if w(Xy y) is any function, continuous throughout the region composed 
of the interior and the circumterence of the circle and hanuonic at all points 
within the circle, and if the values of w{Xyy) along the circumference of the 
circle are denoted by W^('^), Poisson's Integral gives the following representa- 
tion ofw(Xf y) at the interior points of the circle : 

Consider the function 

Ki^^y) =Ui(x,y) i- . . . + w„(»:,y). 
* Cy., for example, Plcard'a Traite cTaualyse, vol. 2, p. 16. 
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Its partial derivatives^ -— and r^ , are finite thronyhoiU the neighborhood of 

the point A, We will choose as this neighborhood, 9?^, the interior of a 
circle with A as centre and mdiiis Ji2. From (4), 

1 r^' 7^ — r' 



hence 



with a similar formula for dsjdy. Ditfcrontiation under the sign of integration 
is here allowable.* Denote by /fa (juantity that is at least as large as the 
raaximiun numerical value of either of the expressions 

a IP-r'' a 71*2 -r« 



(x,y) being any point of 9{^ and ^ -^ < 27r. Then, since | Sn\ ^ G for all 
values of yjt^ it follows that 



dx 



^ lid. 



?" ^ KG, q. e. d. 



3. We are now in a i)osition to prove that the function «„(cc, y) con- 
verges unifonnly toward a limit throughout the region 91^. The proof follows 
at once from a theorem which has been stated and proved for functions of a 
single variable by de la Vall6e-Poussin.t The extension to functions of n 
variables is immediate. The theon^m is as follows. 

Let Sn{x) be a function of x^ continuous thronffhout the interval a ^ x ^b 
and having a finite derivativeX for all values of x in the interval and for 
n = 1,2 . . . \ i. e. 
V<{^)\ < L 

• C/. Picard, TraiU d'anahjse, vol. 1, p. 29. 

t Annalesde la SociHe scientijlune de BnixcUes, premiere partie, vol. 17, 1893, p. 8. 
X Instead of a finite derivative It Is enougli to require that the difference-quotient remain 
finite, i. e. that 

where z and x -\~ h are any two points of the interval, n = 1, 2, . . . , and iVis a constant. 
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for all such values of x and n, L being a constant. Furthermore^ let «„(aj) 
converge toward a limit for each one of a set of values of x everywhere dense 
throughout this intei'val, when n = oo • Thens,^(x) converges uniformly toward 
a limit for the totality of values of x pertaining to the interval. 

Thus the function «n(^> If) is seen to converge uniformly toward a limit, 
u(x,y), throughout the region consisting of SR^ and its boundary. Sn(x,y) 
is a harmonic function throughout 9{^ and it takes on a continuous set of bound- 
ary values which, when n = oo , converge uniforaily toward a limit. The limit 
of «„(a;, y) is, therefore, harmonic throughout SR^* and 

du dui du2 
dx dx dx 

This series converges unifonnly. The corresponding theorems are true for the 
partial derivatives of s^ix^ y) and u{x, y) with respect to y. 

4. It remains to show that the series (3) converges and defines a func- 
tion conjugate to u(x, y). Consider the series 

Since the series 

du _^ '^^ diin du '^ S?/„ 

dx "^ ^ dx^ df/ ^ du 

converge uniformly, these series can be integrated term by tenn and the value of 
the expression (5) is 

which is a function conjugate to u{x^ y) . On the other hand, the value of the 
general term of (5) is v„(a;, y) — v^Kx^^ y^). Hence, the series 

w = l 

converges and, if (aroiZ/o) is chosen as one of the points for which the series 

•.This follows from a theorem of Harnack's. Cf. Ilarnack, Math. Annalen, vol. 36. 1889, 
p. 22, or Picard, Traite d^analyse^ vol. 2, p. 56. That such a series can be differentiated term 
by term and that the resulting series is uniformly convergent can readily be shown by means of 
the representation by Poisson's Integral. 
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^ 



(1) and hence the series 2 v„{xq^ t/q) converges, it is seen that the series (3) 

w = l 

converges. If r(ic,y) denotes its value, then 

v{x,i/) = r(x,y) + t'(^oiyo)» 
and the function v{x^y) is conjugate to u{x^ y). 
This completes the i)ro()f of Theorem I. 

§2. 
5, Theorem II. If the infinite series 

whose terms are all functions of z^ sin'jle valued and analytic throughout a re- 
gion T of the co)nplex z-plane^ converges for all values of z hjing within this 
region^ then there exists one or more anah/ tic functions J'\(z)^ /!j(2), . . . 
such that the domain of definition of Fi{z) coincides^ in part or wholly^ with 
a region t^ lying in T and^ for all values of z in t^y 

F,{z) = F(z), 

where F{z) denotes the value of the series. Every interior point of T either 
lies ivithin some t^ or else a part of one or more regions t^ extends into tlie 
neighborhood of this point.* 

The functions Fi{z) maybe infinite in nmnber. They are ahoay 8 enumer- 
able. 

Let / be an arbitrary, two-dimensional region lying wholly within T> 
It may happen that, for a suitably chosen (large) positive quantity 3/, the 
absolute value of 

S„(^) -/i(^) + . . . ./.(2) 

is less than J/ for all points z of / and for all values of n. In that case, it 
follows from Theorem I that the series defines a function analytic throughout ^ 

* This is not the same as sa>'iDg that the point lies od the boundary of one or more regions 
t(. This case is Included in the statement. But It mny happen that the point lies on the bound- 
ary of no region <„ but is a point of condensation of boundaries of an infinite number of 
regions U. 

It may be objected that the notation Fi(x), t = 1, 2, . . . , assumes from the start that 
these functions are enumeral)le. No use, however, is made of this assumption in the proof, 
and so it is a matter of no moment. An adequate notation could be devised by allowing i to 
take on other than integral values, since the number of the functions Fi(^z) obviously does not 
exceed the power (Miichtigkeit) of the continuum. 
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In any case, I say that it is always possible so to choose M that^ ihrouyhout 
some two-dimensional region t' lying in t, the relation holds: 

\^Jz)\ ^ M 

for all values of z in t' and forn = 1,2,..., and hence F{z) is analytic 
throughout (J^ F{z) denoting the value of the series. 

Suppose this statement were not true. Choose a set of positive quanti- 
ties Ml increasing indefinitely with i. Denote the points of t at which 
I ®„(2j) I ^ Mi for all values of n by P,-. Then the assumption is that the 
points of Pi nowhere in t form a two-dimensional continuum. They cannot, 
then, even be everywhere dense throughout any such continuum, since 
|@n(«)| is a continuous function of z. The points of 7^^- are all found in 
Pi^\* Denote by P the set of points, each of which ultimately appears in 

some Pi : 

P= lim Pi, 

Now each point of t ultimately appears in some Pi ; hence Pis identical with 
the totality of points of t. But ^ is a two-dimensional continuum. We are 
thus led to a contradiction of a theorem of the theory of sets of points, Avhich 
says:* 

In a two-dimensional region t of a plane let sets of points i\, Pg* ' • - be 
given, lohich have the following properties : 

1) the points of Pi are all contained among the points of Pi^\ ; 

2) in no two-dimensional region ivhatever are the points of Pi everywhere 
dense. 

Furthermore, let 

P= lim Pi 

be the totality of points that participate in the sets Pi, Then no part of P can 
form a two-dimensional continuum, 

6. To complete the proof of the theorem, let A be any interior point of 
T, \f A lies in a region ti, the theorem isgi-antcd. If not, consider an arbi- 
trary neighborhood t of A, Then there exists one or more regions ti having 
points in common with t. But t is any neighborhood of A, 

♦ This theorem (with an unessential restriction) I obtained for the case of one-dimensional 
regions in an article on Non-Uniform Convergence and the Integration of Series Term by Term, 
Am, Jour, of Math., vol. 19, 1897, p. 178. The proof theie given is indirect. For a simple, 
direct proof cf. Math. Annalen, vol. 63, 1900, p. 462. 
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Finally, the i*egions ti are enumcnible. This is a theorem of the theory 
of sets that has long since lK»on proved. In faet, the internal area* of each 
ti is a positive cjuantity /^, and the sum of any numlx^r of these quantities does 
not exceed the internal area of T itself. If, then, we choose a set of steadily 
decreasing quantities €i, 6^, . . . with lim €„ = 0, there will be but a finite 

number of ^/s for eacli of which /,• > c^. These we write in the first row of a 
table and arrange at i)leasure in that row. Then there will be but a finite 
number of further ^^'s for which /^ > €2. These we write in the second 
row of the table and animge at pleasure in that row. And so on. Each 
ti must ultimately api)ear in some row of the table, and this proves, the 
theorem. 

7. Tlie question arises as to whether the number of the regions ti can 
ever actually be infinite. The answer is in the aiiinnative, as can readily be 
shown by means of methods due to Runge.t Thus, for exami)le, a series can 
be constructcid satisfying all the conditions of the theorem for the interior of 
the square bounded by the axc*s of reals and pun* imaginaries and by the lines 
X = 1 and y = 1, whose value /^X^) ^''* i ^^''^^'" ^c ^ J ; J, when x ^ i but < J ; 
i, when X ^ i but < J ; etc. 

Two or more of the functions Fi(z) may be cajmble of being deduced 
from one another by means of analytic continuation, so that they fonn parts 
of one and the same analytic function. This, agJiin, can be demonstrated by 
Runge's methods. Thus one can, for example, construct a series convergent 
for the scjuare just considered and having the value J when x :^ ^y the value 1 
when oj = J. In fact, we may draw any enumerable set of lines whatever in 
jT, each of which has its extremities in two distinct points of the boundary of 
Ty the lines not cutting themselves or each other or clustering about any point 
lying within T.J Then we may assume arbitrary values along these lines, 
provided merely that the values for a given line are such as an analytic func- 
tion could take on along that line. To each of the regions ^,- into which T ia 
thus divided Ave may assign an arbitrary function I'\{z) analytic throughout 
this region. Then we can construct a series whose value I*^(z) shall coiTe- 
spond to the values and the functions thus assumed. 



♦ For the definition of the internal area of a set of points c/., for example, Jordan, Couru 
cTanalyse, vol. 1, 2d ed., 1893, §36. 

t Range, Acta Math., vol. 6, 1885, p. 229. 

I Examples In which these conditions are not fulfilled can also be readily constracted. 



Digitized by VJjOOQIC j J 



FUNCTIONS DEFINED BY INFINITE SERIES. 33 

§3 

8. By means of Theorem I, a theorem of Stieltjes may be generalized. 
Stieltjes proved in substance the following theorem :* 

If 

/l(2) +/2(2) + • • • • 

is a series of Junctions, eaeh single valued and analytic throughout a region T 
of the z-plane, and if 

\fx{z)^ .... +/„(2)| <G 

for all vahies z of T and for all values of n^ G being a constant ; if, further- 
more, the above series converges uniformly throughout some two-dimensional 
region t lying in 1\ then the series converges throughout the entire region T 
and its value is a function F{z) which is analytic throughout 2\ 

From Theorem I it follows that the requirement of unifoi^m convergence 
throughout t can be replaced by the less restrictive one that the series converge 

for each point of a set everywhere dense throughout t. Such a set may always 
be so assumed as to be enumemble. 

§4. 

9. Theorems I and II were stated for infinite series. Con-esponding 
theorems may be stated for definite integrals and the proofs will hold without 
modification. 

Let ^(a, z) be a (complex) function of the real variable a in the interval 
A .' Uq^ a ^Ui and of the complex variable 5: in a region T of the 2J-plane. 
For each value of a in A» <^(«> ^) shall be an analytic function o( z throughout 
T; and for each value of z in T, <f>(a, z) shall be a continuous function of a 
throughout A-t Then the intogml 



*/«o 



<f>(a, z)da 



Avill converge for each value of z in T. Since its value is invariant of the 
mode of division of the interval A» we may choose a special mode depending 
on a pammeter 7i that passes through only positive integral values ; for 

♦ Stieltjes, Annates de la FacuUe des Sciences de To%douse, vol. 8, 1894, p. J. 56. 
tThis condition may be replaced by the broader one that 0(0, z) be an Integrable function 
of a throughout A. 
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example, wc may divide the interval into n equal parti*. Let this be done 
and set 



^»(^) = 52 *(*«+ '^"' ^) ^^' ^* = 



a, - Uq 



^ 



Then s^(z) is a function of z analytic throughout the region Tfor each posi- 
tive integral value of n. If it satisfies the further conditions of Theorem I or 
II resjiectively, then the same conclusions will hold ivgarding the function 



F{2) = j4>(a,z)(la 



as in the fonuer case for the function F(z) defined !)y the series. 
Hai«vari> Uxiver«ity» 

CAMBRlIMiK, MASSACmSKriS. 
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NIM, A GAME WITH A COMPLETE MATHEMATICAL 

THEORY. 

By Charles L. Bouton. 

The game here discussed has interested the writer on account of its seem- 
\n<r complexity, and its extremely simple and complete mathetnatical theory.* 
The writer has not been able to discover much concerning its history, although 
certain forms of it seem to be played at a nunil>er of American colleges, and 
at some of the American fairs. It has been called Fan-Tan, l)ut as it is not 
the Chinese game of that name, the name in the title is proposed for it. 

1, Description of the Game. The game is played by two players, 
A and B. Upon a table are placed three piles of objects of any kind, let us 
say counters. The number in each pile is quite arbitrary, except that it is well 
to agree that no two piles shall be equal at the beginning. A play is made as 
follows : — ^The player selects one of the piles, and from it takes as many coun- 
ters as he chooses; one, two, . . ., or the whole pile. The only essential 
things about a play are that the counters shall be taken from a single pile, and 
that at least one shall be taken. The players play alternately, and the player 
who takes up the last counter or counters from the table wins. 

It is the writer's purpose to prove that if one of the players, say -4, can 
leave one of a certain set of numbers upon the table, and after that plays with- 
out mistake, the other player, B, cannot win. Such a set of numbers will be 
called a safe combination. In outline the proof consists in showing that if A 
leaves a safe combination on the table, B at his next move cannot leave a safe 
combination, and whatever B may draw, A at his next move can again leave a 
safe combination. The piles are then reduced, A always leaving a safe com- 
bination, and B never doing so, and A must eventually take the last counter 
(or counters). 

2. Its Theory. A safe combination is determined as follows : Write 
the number of the counters in each pile in the binary scale of notation, f and 

• The modification of the game given in §6 was described to the writer by Mr. Paul E. 
More iu October, 1899. Mr. More at the same time gave a method of play which, although 
expressed in a different form, is really the same as that used here, but he could give no proof 
of his rule. 

t For example, the number 9, written in this notation, will appear as 
l-2» + 0-2« + 0-2» + 1-20 = 1001. 

(85) 
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place these numbers in three horizontal lines so that the units are in the same 
vertical column. If then the sum of mch column is 2 or (t. e. congruent to 
0, mod. 2), the set of numY)ers forms a safe combination. For example, 

10 1, 
1 1, 
110 0, 
or 9, 5, 12 is a safe combination. It is seen at onco that if any two numbers 
be given, a third is always uniquely determined which forms a safe combina- 
tion with the two given numbers. Moreover, it is obvious that if a, 6, c form 
a safe combination any two of the numl)ers determine the remaining one, that 
is, the system is closed. A particular safe combination which is used later is 
that ill which two piles are equal and the third is zero. In the proofs which 
follow, the binary scale of notation is used throughout. 

Theorem I. If A leaves a safe cotnbination on the table^ B cannot leave a 
safe combination on the table at ?iis next move. B can change only one pile, and 
he nmst change one. Since when the numbers in two of the piles are given the 
third is uniquely determined, and since A left the number ^o determined in the 
third pile {%. e., the pile from which B draws) B cannot leave that numl)cr. 
Hence ^ cannot leave a safe combination. 

Theokem II. If A leaves a safe combination on the tabhy and B diminishes 
one of thepiles^ A can ahvays diminish one of the two remaining piles, and 
leave a safe convhination. Consider first an example. Supi)ose A leaves the 
safe combination nme, five^ twelve^ and that B draws two from the first pile, 
leaving the numbers seven^ five^ twelve^ or 

111. 

1 1, 

110 0. 

If ^ is to leave a safe combination by diminishing one of the piles, it is 
clear that he must select the third pile, that containing twelve. The numl)er 
which is safe with 111 and 101 is 10, or two. Hence A must leave two in the 
pile which contains twelve^ or draw ten from that pile, and by doing so he 
leaves a safe combination. 

To prove the general theorem, let the numbers, expressed in the binary 
scale, be written with the units in a vertical column, and suppose that A left 
a safe combination. B selects one of the piles and diminishes it. When a 
number of the binary scale is diminished it is essential to notice that in going 
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over the number from left to right the first change wliich occurs is that some 
1 is changed to 0, for if a were changed to I the number would be increased 
whatever changes were made in the subsequent digits.* Consider, tBen, this 
first column, counting from the left, in which a change occurs. One and only 
one of the other two numbers will contain I in this same column, for A left a 
safe combination. Let A select the pile which contains the 1 in this colunm, 
and change the number by writing in this column, and filling the remaining 
columns to the right with or 1 so as to make a safe combination. The col- 
umns to the left remain unchanged, since they already have the required form. 
The new number so formed will be less than that in the pile which A selected. 
Hence whatever B draws, A can always diminish one of the piles, and leav« 
a safe combination. That is, if A at any play can leave :i safe combination on 
the table, he can do so at every subsequent play, and B never can do so. 

If the play continues in this way A must win. For one of the piles must 
bo reduced to zero by either A or B, If B n?duc«»s it to zero, the two remain- 
ing piles will be unequal, since B can never h'ave a safe combination, and A 
at his next move will make them equal, and will thereafter always leave them 
equal. B nmst, therefore, reduce the second pile to zero, and A theii takes all 
of the third pile, and wins. If, on the other hand, A U the first player to re- 
duce one of the piles to zero, he leaves the other two piles equal and wins as 
before. Hence we see that the player who can first leave a safe combination 
on the table should win. 

If it happens that in the beginning a safe combination is placed on the 
table, the second phiyer should win. If in the beginning a safe combination 
is not placed on the table, it is easily seen that the first player can always leave 
a safe combination by diminishing some one of the piles, and he can often do 
this by drawing from either one of the three piles. Therefore in this case the 
first player should win. That is, the first player should win or lose according 
as a safe combination is not or is placed on the table at the beginning. 

3. The Chance of a Safe Combination. Assuming that the number 
in each pile at the beginning was determined by chance, let us compute the 
chance of a safe combination's being placed upon the table. It is easily shown 
that if each pile contains less than 2" counters and if no pile is zero (i. e. if 
there are three piles), the possible number of different piles is 

♦ The proof of this statement depends on the fact that the number 100 . . . (n ciphers), 
or 2«, is greater than the number 11 . . . (» ones), or 2*-» + 2«-* + . .+2 + 1IS2" — 1. 
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The number of safe coniMnations in the sjime caae is 

Hence the chance of a safe conihination's being phtced upon the tal)le nt first Ia 

•J" - * — 1 

and this is the chance that the second jilayer HhouUI win. The chanc^»>s of the 
tirst player*s winning are to those of the second as 

on the assumption that both players know the theory, and that the nundwrs in 
the various piles were detennined by chance. 

4. A List of Safe Combinations, n = 4. The foHowing are the 35 
safe combinations all of who^e piles are less than 16 : 
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Of course, to give all safe combinations of numbers less than 16 we should have 
to add to the above (able the 15 of the form 0, w, ii. 

5. Generalization. The foregoing giune can be at once genendized 
to the case of any number of piles, with the same rule for playing. In this 
case a safe combination is a set of nnmbers such that, when written in the bi- 
nary scale and arranged with the units in the same vertical column, the sum of 
each column is even (i. e., = 0, mod. 2). Just as before, it is shown that the 
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player who first leaves a safe combination can do so at every subsequent play, 
and will wiij. The induction proof is so direct that it seems unnecessary to 
give it. 

6, Modification. The game may be modified by agreeing that the 
player who takes the last counter from the table loses. This modification of 
the three pile game seems to b^ more widely known than that first descril)ed, 
but its theory is not quite so simple. 

A safe combination is defined just as in the first case, except that 1,1,0 
is not a safe combination, and 1,1,1 and 1,0,0 are safe combinations. When 
the first theory indicates that A should play 1, 1, he must play either 1,1,1 
or 1, 0, 0. The earlier part of the proof proceeds as l)efore. In order to com- 
plete it, we must show that B can never leave 1, 1, 1 ; that, when 1, 1, is 
indicated for A^ he can always play either 1, 0, or 1, 1,1; and finally that, 
if the play is cairied out in this way, B must take the last counter. That B 
can never leave 1, 1, 1 is at once clear, for A never leaves 1,1, n where n > I, 
since this is not a safe combination. Secondly, let us consider what sets of 
numbers ^can leave which would indicate 1, 1, Oas ^'s next play in the first 
form of game. They are 1, 1, n where n > 1, and 1, n, where n > 1. In 
the first case A leaves 1, 1, 1 and in the second 1, 0, 0. The proof is now 
easily completed. Either A or B reduces a pile to zero. If B does so, the 
other two piles are unequal and both greater than unity, or at least one of the 
two remaining piles is unity. In the latter case A obviously wins. In the for- 
mer case A makes the two piles equal, and then keeps them equal until B re- 
duces one of them to 1 or 0. If B makes it 1, A takes all the other pile ; if ^ 
makes it 0, A takes all Imt 1 of the other pile. Hence if i? first reduces a pile 
to zero A wins. If ^ first reduces a pile to zero he leaves the other two piles 
equal and each greater than unity, and wins as before. Hence if A plays on 
the safe combinations as here modified, B must take the last counter from the 
table, and looses. That is, in this modified game, also, the player who can first 
get a safe combination should win . 

This modified game can also be generalized to any number of piles. 
The safe combinations are the same as before, except that an odd number of 
piles, each containing one, is now safe, while an even number of ones is not 
safe. 

Harvard University, 

(' AMBRiixjE, Massac h usktts. 
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ON THE GROUPS GENERATED BY TWO OPERATORS OF ORDER 
THREE WHOSE PRODUCT IS ALSO OF ORDER THREE. 

By G. a. Miller. 

Two operators of order two always generate a dihedral rotation group 
whose order is twice the order of their product.* In this case, the group 
generated by two operators is completely defined by the orders of the oj^era- 
tors and that of their product. Similarly, the group generated by two 
operators of order three, whose product is of order two, is completely defined 
by the orders of the two generating o|x»rators and that of their product. That 
is, the alternating group of order 12 is the only one which satisfies these con- 
ditions, t On the contrary, two operators («i, s^) of order three whose product 
is also of this order may generate any one of an infinite system of groups of 
a finite order. The present paper is devotc»d to the detemiination of some of 
the properties of the groups of this system.} 

The following conjugate commutators 



S3 — 5, S^ S, S^j 



—^ J»* .«* ifi 



2 — 



i»2v2 



A^ z=z «».«tf^J«,^J = S,,%StK 



'^i — ^^*^\ ^^'**i 



of such a group ((t)§ are commutative since .•«3.'<4.*<5 = J*4'fs^5 = !• Th^ l^si 
equation may readily be verified by means of the e(|uations (.•<|^.2)' = ^iS^Si 
s^s^s^ = 1 or ^i/^a'^^i = «?«?^^ ?• Hence f*^,f<4^f<^ generate an abelian sub- 
gi'oup (77) of G which is either cyclic or may Iw generati^d by two inde- 
pendent operatoi's. We shall soon see that 77 is the connnutator subgroup of 
G. From the equations 

it follows that 77 is invariant in G. Its order (h) is the order (r/) of G 
divided by either 3 or 9, since the gi'oup generated by s.^ and 77 contains 
s^s^s^ = ,H^s^ and hence is also invariant in G, This proves that 77 is the 

♦ Btai. Amer. Math. Soc, vol. 7, 1901, p. 424. 
t Cf. Bumside, Theory of Groups of Finite Order, 1897, p. 291. 
X Cf ibid., p. 296. 

§ In what follows the symbol G will always represent a group of the system under con- 
sideration. 

(40) 
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commutator subgroup of (x.* Moreover, the given equations show that «i and 
^2 transform the operators «3, «4, s^ in the same manner. Having detemiined 
some of the properties which all of the groups under consideration possess, 
we proceed to detemiine some of the special properties which depend upon 
the factors of h and especially to determine the necessary and sufficient condi- 
tions that such gi'oups exist. 

When jyis cyclic and of order ^*,j? being any prime number, the matter 
is quite simple. If j? = 2 mod 3, it follows from the above equations that G 
is abelian.f In this case ^3*4*5 = **^ = 1 a'^^ therefore A = 1. The non- 
cyclic group of order 9 is clearly the only group which satisfies these condi- 
tions. It is the only abelian gi'oup in the infinite system of groups under 
consideration and will not be considered in what follows. If j:; = 1 mod 3, 
«2 and jy generate one and only one group of this system for every value of 
a > 0. Its order is 3A and it contains 2h operators of order 3. The direct 
product of any one of these groups and an operator of order 3 is of order 9A 
and belongs to this system. 

That there is only one group of order 9A for every value of a may be 
proved as follows : Such a G^ is isomorphic to the group of order 3 with respect 
to those of its operators which are commutative with each operator of H. That 
is, G contains a cyclic invariant subgroup of order 3A and hence an invariant 
subgroup of order 3. It also contains an invariant subgroup of order 3A, gen- 
erated by if and 8^^ which does not include any invariant group of order 3. 
In other words, it is the direct product mentioned above. Hence there are 
tico and only two groups for every value of a > whenever p = 1 mod 3. When 
^ = 3, it follows from s^h^h^ = 1 that ^is either the identity or of order 3. J 
In this case there is therefore only one group ; viz. the non-abelian gi'oup of 
order 27 which includes no operator of order 9. 

From what precedes, it follows that we can construct at least one gi'oup 
of the required system whenever H is cyclic and all the prime factors of h are 
= 1 mod 3, or when h is three times such a number. Moreover, it is notdifli- 
cult to see that the equation s^^s^s^ = 1 cannot be satisfied under any other con- 
ditions, since // is the direct product of its cyclic subgroups, each of whose 
orders is a power of a single prime. It remains to consider the cases when 

• Quarterly Jour, of Math,, vol. 28, 1896, p. 26G; C/. Weber, Algebra, vol. 2, 1899, p. 131. 
t The group of isomorphisms of the cyclic group of order p* is of orderp«— i (p — 1). 
X Bumside, L c, p. 76. 
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/fis non-cyclic, but is genemted by two of its operators. We shall again 
begin with the case when h =i)*. 

When j9 = 2 mod 3, s^ and .\ must be the indejx^ndent generators of //, 

since the cube of a common opemtor is identity. Similarly, we obsene that 

Sf^ and a^ cannot have more than 3 common operators whenever y> = 3. When 

p = 1 mod 3, we may construct a G by establishing a {p^^p^) isomorphism 

betw^een two 6r's of orders 3jo*, Sp^ resj)eetively in such a manner that the re- 

, ■ ' l i suiting group contains subgroups of order p which are not invariant. Hence, 

' J in this case, the two invariants of //may have any ordei*s such that their product 

: j^r :j is equal to h ; i. e. s^ and s^ may have a common subgroup of any order less 

I" •; 4 than the order of s^. 

* ! ^i' I It has been observed that the two invariants of // are ecjual when /; = 2 

; . [: I mod 3. It may therefore be assumed that the order of /<s and s^ is p'"^ where 

' f m = -y and that His of type (m, m). II contains p^''^{p +1) cyclic sub- 

\ *i gi'oups of order J9"*, which may be divided into i? + 1 sets such that each one of 

I ' 1 ' those of one set has only identity in common with any one of another set. These 

subgroups are transformed by the holomoqih of //according to a transitive sub- 
\ stitution group of degree jo'"~>(^ +1) and of order 2>'*""*(i>* — !)• Since 

' r '. \ p = 2 mod 3, the group of isomorphisms of //contains oi)eratoi'8 of order 3 

1 i which permute each of it« cyclic subgroups of order j[>"». 

'; I ' Such an operator {s^) transforms the p -\- \ sets mentioned above as units. 

I i • It cannot transform any one of these sets into itself, since such a set is com- 

; posed of ^*^'"^ groups of order j?*. Hence H and Si generate a group w^hich 

contains 2A operators of order 3. For 8^ we may select any substitution 

, * which transforms the operators of //in the same manner as s^ does and which 

I gives a product of order jy*" when multiplied by «i. This proves the existence 

of the groups in question for every value of /? = 2 mod 3 and for every value 
of ?n > 0. 
• , * When J9 = 8 and the two independent generators (^j, t^) of H are either 

of order 3™ or of orders 3" and 3"*~^ respectively, it is easy to verify that there 
is an operator of order 3 in the group of isomorphisms of //, which transforms 
^1 into t^ty and t^ into ^f '/.7*. This oi>erator, ^i, and II generate a group of 
order 3A which contains 2A operators of order 3 that are not found in H\ 
/ for, {^t^s;)^= t^tltf^tr^tltyt^tftr^ff'^P = 1. If we take for «2 an opera- 

tor such that .s,-«2 = hf ^^ ^^ evident that «i, «2 generate G. This proves the 
1 ! existence of groups whenever ^ = 3 and // has two invariants of order 3"* or 

' one invariant of order 3"* and the other of order 3"»•"^ It w^as proved above 



^ 
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that these conditions are also necessary. It remains, therefore, only to ex- 
amine the case when H has two independent generators whose orders are not 
powers of the same prime nmnber. 

In this general case, we may write h in the form 3*«^fi/>J» . . . and ob- 
serve that each of the subgroups whose orders are 3**, ^j»,i>J*5 ... is either 
cyclic or the direct product of two cyclic groups. * The necessary and sufficient 
conditions that s^ and 8^ can be so chosen as to generate a group which contains 
any one of these subgroups, as //, have been determined. If these conditions 
are satisfied for each of the given subgroups, we may suppose «i and «9 so 
formed as to generate the group formed by establishing a (3*%^fsjoJ» • • • ) 
isomorphism between the sepamte group whose A's are powers of primes. If 
they are not satisfied in each instance, it follows from the equation s^s^s^ = 1 
that there is no group in the infinite system under consideration which has this 
H. Hence this general case is included under the special cases considered-above, 

Cornell Unfversity, July, 1901. 



ON THE INVARIANTS OF A QUADRANGLE UNDER THE LARGEST 

SUBGROUP, HAVING A FIXED POINT, OF THE GENERAL 

PROJECTIVE GROUP IN THE PLANE.** 

By W. A. Granville. 

In the Annals of Mathematics, vol. 12, p. 82, Professor Lovett proposes 
the problem of finding the invariants of a quadrangle under the transforma- 
tions of the six parameter group in the plane generated by the infinitesimal 
transformations : 



xp IIP xq yq x^p + xtjq xyp -^ y^q I, 



df __ df 

P "IE ' ^"IZy ' 

This is the largest subgroup of the general projective group in the plane, 
which has a fixed point. The invariants found by Professor Lovett were 

* C/. Bull Amer. Math. 8oc., toI. 7, 1901, p. 424. 

** Presented to the American Mathematical Society at its meeting, April 27, 1901. 
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c - y^ 



x,f/,i - av/4 



<•« = — 



X.2 .r,y3 - .Tay, 



On trial it will be found that these functions do not satisfy the differen 
tial equations of the complete system (6) on }>age 82 : 

1 = 1 <^«'f t = l C?.^,- ,--1 Ot/i i^i Cf/i 

4 4 



(<5) 



2:{<--l*j=,|:{-l^^l*.}=- 



and hence cannot be the invariant functions. 
The two solutions of (6) are found to be 



c, = 



Vti xJ \Xi xj 



and 



Cj = 



rU\ _ yi - !h \ fU\ - Uk __ //i - Z/A 
\.Ti .r, ~ .^3/ Va;, — x^ x^ - xJ 

n/i _ ?/i - !/i \ r th - fh _ y\ - II i \ 

\x^ x^ - xJ Vi - .Ts .r, - xJ 



Woi — ?y^o4 



?>io-2 — ^'^ 



ot 



m, 



02 



wf 



>vii.. — mx 



'!!> 



— ?y? 



14 



a*) 



7n^ — m,2 



where w,,. is the slope of the line dniM^n from the point (x,., y<) to the point 
(a^i. yjb)> the origin being denoted by (ccq, yo)- Hence the theorem : 
If a quadrangle (1234) 6e transformed hy the Lie group 



XJ) UP xq yq x^p + xyq xyp + y^q 



the cross ratio of the pencil of lines drawn from any vertex of the pentagon 
(01234) to the remaining four vertices remains constant. 

If the problem be considered from the standpoint of projective geometry, 
this result follows at once from the well known fact that the cross mtio of a 
pencil of any four concurrent lines is an invariant under any projective trans- 
formation. It is also evident that two of the cross ratios here considered are 
independent. 

Shrffirld ScnsNTiFic School of Yalk University, 
New Haven, Connecticut. 
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SOME APPLICATIONS OF THE METHOD OF ABRIDGED 

NOTATION. 

By Maxime B6CHER. 

1. Introduotioil. In proving a geometrical proposition by the method 
of abridged notation certain identities, often of an extremely simple character, 
are used, from whose geometric interpretation the proof of the theorem follows. 
It frequently happens that the set of identities we have used in the proof of 
our theorem admits of a second geometrical interpretation, and when we have 
noticed this fact, we have before us a new geometiical theorem which we have, 
so to speak, deduced from the theorem from which we started, or rather from 
our method of proving it. 

To illustrate what I mean by a very simple example, let us consider the / 

theorem that the bisectors of the angles of a triangle meet in a point. To U 

prove this by the method of abridged notation we indicate the equations of 
the sides of the triangle by 

(1) 1^ = 0, v = 0, ?i? = 0. 

If we suppose that all these equations are written in the nonnal fonn : 

X cos a -f y sin a — j9 = 0, 
the equations of the bisectors of the angles will be 

(2) w — t; = 0, V — t<? = 0, w — u = 0; '^> 
and now the identity : v 

(3) (u •^v)-]-{V'-w) + (w — u)=0 

shows us at once that these lines meet in a point. 

Suppose, however, instead of interpreting the equations (1) as the equa- -^ 

tions of three straight lines, we regard them as the equations of three circles 
all written in the normal fonn : 

x^ -\- y^ -\- ax -\- bi/ + c = 0. 

(45) 
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46 b6cher. 

Then the equations (2) will represent the common chords of these circles, and 
the identity (3) tells us that these common chords meet in a point. 

Thus we see that the method of abridged notation may be used to deduce 
new theorems from known ones, just as the methods of projection, reciproca- 
tion, and inversion are commonly used. As this fact has, in spite of its ele- 
mentary nature, gained as yet no place, so far as I have found, in even the 
best text books,* I propose to illustrate it here by first reproducing the well 
known proofs by the method of abridged notation of the harmonic properties 
of the complete (luadrilateiul and of Desargues's theorem, and then interpi*et- 
ing these proofs in such a way as to obtain theorems which, instead of refer- 
ring to rectilinear figures, as did the original propositions, refer to nuich more 
general curvilinear figures. In doing this I have paid si)ecial attention to the 
case in which these cuned lines are circles, not only l)ecause this is the sim- 
plest case, but because the theorems thus obtained are suited to hold a funda- 
mental }X)sition, as I expect to show on another occasion, in a systematic 
development of what has been teraied the (Tcometry of Inversion. t It must, 
however, be clearly understood that the generalizing {)rocess which we use in 
this simple case is not identical with the process of inversion, but that the re- 
sults obtained include as a very special case the theorems which the method of 
inversion would give us. 

2. RectUineax Figures. Let us denote the sides of a complete (juad- 
rilateral by the e(|uations : 

(4) a = (), /3 = 0, 7 = 0, S = 0. 

Denoting the six vertices by 

(o) {a,/3), (7,8), (a, 7), (/8, S). (a, S), (^,7), 

we will let 



M = represent the diagonal joining (/8, 7) and (a, S), 

(♦5) V =0 '' '' " " - (a, 7) " (/8,S), 

} w = " " ^' " (a,i3) - (7,S). 



* Kxcept In the case where we merely pass from point to line coordinates,— a case which is 
essentially equivalent to reciprocation. 

t Cf, Klein*8 Erlamjer Progrnmm (1872), rr printed In English translation and with a few 
additions In the Bulletin of the Neiu York Mathematical Society for Jnly 1893. A German reprint 
with still further additions will be found in the Math. Annalen, vol 43 (ISOB), p. 03. 
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The values of /^ i\ w^ in terms of a, ^, 7, S may be obtained as follows : — 
We may write the e(|uation of the diagonal u in either of the fonns 

6^ -f C7 = 0, - aa - rfS = 0. 

If we so choose the constants a, 6, c, d that the first members of these e(]ua- 
tions are equal, not merely proportional, we get the identity : 




Fio. 1. 
(7i) u = hp 4. C7 = - aa - dh. 

From this it follows that 

hP + dS = — (f a ^ cy. 

If we set this expression equal to zero we get, as we see from the left hand 
side, a line through (^, S), as we see from the right hand side, a line through 
(a, 7) . We may therefore write : 

(Tj) V = bl3 '\- dS = — aa — cy. 

Similarly we get : 

(7,) m; = C7 + dS = — aa — bfi. 



•I 
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Finally indicating the lines which join the vertices of the quadrilateral 
with the points of intersection of the diagonals, as shown in the figure, by : 



(8) u, = 0, 
we have 

(9) 



Mj = 0, Vi = 0, t'j = 0, ?r, = 0, 



tv^ = 0, 



ff^ = V — ir = h/S — ry, 
/', = ?r -f ^/ = — r?a -f cy, 
f\ = fr — /< = (IS — ff/3, 
ii\ = a -\- V = — aa -{- hfi, 
^ . u\ = ft ^ V = vy — dh. 

From these fonnuhe we read off at once the hannonic proix^ities of the 
complete quadrilateral, for instance that the two sides a and /8 are separated 
harmonically by the diagonal w through their point of intersection and the 
line tOi which joins their point of intei-section with the intei-section of the two 
other diagonals {cf. (7j) and the fifth formula (9) ). 

We may add that formuhe (9) also show that the six lines (8) jiass three 
by three through four points, thus fonning the sides of a complete quadrangle. 

We pass now to Desargues's theorem : — 

If two triangles are so situated that the points of intersection of correspond-- 
ing sides are coll inear^ then the lines joining corresponding vertices are concur^ 
rent. 

To prove this theorem we denote the sides of the first triangle by : 

(10) wi = 0, 1/2 = 0, M, = 0; 
the sides of the second by : 

(11) 17^ = 0, tr, = 0, t'g = 0. 

The line on which the points of intersection of coiTesjKinding sides lie 
may be represented by an equation in any one of the following forms : 

(fi^i 4- 6l^'^ = 0, f72"« + ft«*^4 = ^» ^s^ -I- 63^3 = 0. 

Accordingly, by properly choosing the constant, we can make the first mem- 
bers of these equations identically equal : 

(12) aiUi -h biVi = o^w, -h 6,^2 = a, Mj -h 63^3. 
From this we get at once the following three identities : 
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(13) Wi = ttgWa — (is^h = — f>2^2 + 63 ^3» 

?r2 = agWg — a^i^i = - 63 Vg 4- 61^1. 

From these identities we infer that the ecjuations : 

(U) //;i = 0, w., = 0, w^ = 

represent the lines joining corresponding vertices of the two triangles, and 

since 

(15) 7Vi -f ^^'2 4- w?3 = 0, 

these lines are concurrent. 

3. Oeneralization to Circles. Let us now tiy to interi)ret the an- 
alytical work of the preceding section on the supposition that the equations 
there used represent not straight lines, but circles. 

We begin with the theorems about the complete quadrilateral. 

The figure formed by four circles, no three of which meet in the same two 
points, we will call a complete circular quadrilateral, the circles (4) being the 
sides of the quadrilateral and the six pairs of points (5) being its six sets of 
vertices. These latter arrange themselves in pairs of opposite sets of vertices. 
The equations b/3 -\- cy = and — aa — dS = now represent circles through 
the pairs of points (^, 7) and (a, S) respectively, but it will not be possible 
in general to make these two circles coincide, since a circle cannot in general 
be passed through two pairs of points. 

In order that our analytic work be applicable to this case it is therefore 
necessary that the four points (y8, 7) and (a, S) be concyclic (i. e. lie on a 
circle) . This circle will then be represented by the equation u = (cf, (7i) ) . 
From this equation we infer as before that v = and ic = (cf. (7^) and (Tg)) 
represent circles through the two pairs of points (a, 7), (yS, S) and (a, )8), 
(7, S) respectively. We thus get the theorem : 

If in a comjjlete circular quadrilatercd two 02)posite sets of vertices are con- 
cyclic^ the same tvill be true of each of the other paii's of opjjosite sets of ver- 
tices,* 

If a circle passes through a pair of opposite set^i of vertices of a complete 

*" Another form of statement for this theorem which brings it into relation with Desargaes*s 
theorem is the follovringt in which we denote the figure formed by two circles as a crescent, the 
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circular qiiadrilatx^'ral, we will call it a diagonal of this (juadrilateral. We 
may then state the last theorem as follows : 

If a complete circular quadrilateral han one diagonal it has three. 

We will recall here two terms which we shall find it convenient to use. 
/S'l = and aS'^ = being any two given circles, we call the simply infinite 
family 
(16) k^iSi-^-k^S^^O 

. , • I. > , aii'i wf '.isc t' s:tme term for a finite number of circles of 
: - . .i'.\; . Sii. ' .-ly N\ f). *". -0, S^ = being any three circles which 

., • . r h-u)v ♦.. . jM'h, i; []h- «lin'»>!. infinite family : 

we call a net.* 

We now infer at once from formula* (7) : 

A nece-ttsary and mjfficient condition that a complete circular quadrilateral 
have diagonals is that its sides belong to a net. If this condition is fulfilled^ 
the diagonals Ijelofig to the same net. 

Under these conditions any two sides of the quadrilateral (as a, fi) and 
the two diagonals which do not pass through the intersections of these sides 
(as u, v) form a complete circular quadrilateral whose sides belong to a net 
and which therefore has diagonals. Two of these diagonals are the other two 
sides (7, S) of the original quadrilateral, but the third is the circle (w?i) 
through the points of intersection of a with fi and of u with v. Similarly we 
obtain the other circles (8). 

By the ci^oss ratio of a pencil of four circles we shall understand the cross 
ratio of the pencil of tangents at any one of their points of intersection. f With 

corresponding sides (the correspondence being taken in either one of the two possible ways) are also 
concyclic. 

Still another form, in which, however, only half the theorem is explicitly stated, is the 
following : 

Through each of the sets of vertices of a circular triangle a circle is passed. If these three 
circles meet in a first point, they will meet again in a second point, 

A8 thus stated the theorem is seen to be identical with the generalization by inversion of 
the theorem that the common chords of three circles meet in a point. 

* We mention in passing that such a net consists of all circles which cat at right angles the 
common orthogonal circle of 8u «%f Ss. Cf for instance Casey's Analytical Geometry, p. 107. 

t Or more generally the cross ratio of the pencil formed by the polars of an arbitrarily 
chosen point. This more general definition is necessary if the circles of the pencil toach each 
other. 
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this definition it is readily seen that a necessary and sufficient condition .that 
the circles Si and S^ be divided harmonically by 3i -\- \ S^ and aS'i -f /x >9i is 
that \ = — fjL. We thus obtain, precisely as in §1, the harmonic properties 
of the complete circular quadrilateral, of which the following is typical : 




Fig. 2. 



In a complete circular quadrilateral whose sides belong to a net, any two 
sides are divided hannonicallt/ by the diagonal through their points of inter- 
section, and the circle through their points of intersection and through the 
points of intersection of the other two diagonals. 
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y- w\ 



We leave to the reader the extension of the theorem that the lines (8) 
form a complete quadrangle. 

Up to this point all the circles we have used have belonged to a single 
net ;* and it might seem at first sight as though the method we are using must 
necessarily always give us theorems which involve only circles of a single net, 
since the straight lines from which these circles were obtained themselves form 
a net. This, however, is not the case, as the exUMision of Desargues's theorem 
will now show. For although any four lines of the plane are connected by a 
relation of the fonn aa -f hfi -f 07 -f- dh = 0, it is not at all necessary that this 
relation be involved in the fonnuhe we use In proving our proposition, as is 
shown by the proof we have given of Desargues's theorem. f 

Turning now to the proof of Desargues's theorem given in §1 we have to 
consider two circular triangles (10) and (11 ). We understand of course by a 
circular triangle the figure fonued by three circles which do not fonn a pencil. 
Such a triangle has three sides and three pairs of vertices. The analysis of 
§ 1 then gives us the theorem : 

If two n'rcular triangles are so situated that the three pairs of points of 
hitersecttOH of corresponding sides are amcf/cliv, then any pair of vertices of 
the first triangle and the corresponding pair of vertices of the second are con- 
ct/clic^X and the three circles thujt determined form a pencil. 

The ten circles involved in this theorem do not necessarily all belong to 
a net, since the three sides of the first triangle and one side of the second mav 
be arbitrarily chosen. 

4. Curves of the n-th Order. We will now regard the equations 
from which we started as representing plane curves of the nth order instead 
of straight lines as in §2 or circles as in §3. We will si^eak of j^encils and nets 



* In fact onr formulte practically establish a one-to-one transformation of the straight lines 
of the plane into the circles of a net, and therefore a one-to-two point transformation (a point 
determined by two straight lines into the pair of points determined by the corresponding cir- 
cles). Snch a correspondence can easily be established geometrically by projecting the plane 
from an arbitrarily chosen point onto an arbitrarily chosen spherical surface, and then pro- 
jecting back stereographlcally onto the plane. 

t A different proof of this theorem which does not have this advantage is given in Salmon*8 
Conic Sections, p. 69. 

X This first part of the tlieorem does not go beyond what we have already proved, since 
two pairs of corresponding sides of the triangle form a complete circular quadrilateral lying 
wholly in a net. 
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of curves of the nth order, using the words in the ordinary sense similar to 
that explained for circles in §3. We will speak of four curves of the nth 
order, no three of which form a pencil, as the sides of a complete curvilinear 
quadrilate7*aL* Each pair of sides of this quadrilateral deteimines a pencil, 
and if the pencils determined by two opposite pairs of sides have a curve in 
common, we will speak of this curve as a diagonal of the quadrilateral. For- 
mulae (7) now establish the following theorem : 

A necessary and sufficient condition that a vornplete cui-vilinear quadri- 
lateral have a diagonal is that its sides belong to a nety and if this condition is 
fulfilled^ it has three and only three diagonals which also belong to the net. 

Let us now consider the pencil of four curves 

The linear polars of any point P of the plane, excluding possibly certain ex- 
ceptional positions for P, are easily shown to foma a pencil, and the cross ratio 
of this pencil is seen to be independent of the position of P and to have the 
value \//i. This quantity we will speak of as the cross ratio of the pencil of 
curves. t In particular we may in general} take for Pa point of intersection 
of the curves, in which case the cross ratio of the pencil of curves is given 
by the cross ratio of the pencil of tangents at this point of intersection. 

If X = — /i we say that the cui-ves Si and S^ are divided harmonically by 
the other two curves. 

FormulflB (7) and (9) now give us a number of theorems concerning the 
complete curvilinear quadrilateral, of which we state the following one : 

ff^ a complete curvilinear quadrilateral is formed by four curves of a nety 
any two sides a, ^ of the quadrilateral are divided harmonically by the diag- 
onal belonging to the pencil (a, y8) and the curve common to the pencil (a, )8) and 
the pencil detei^mined by the other two diagonals. 

The extension to this case of the fu. iier theorems contained in §2 we 
ley e to the reader. 

* Such a quadrilateral has in general six sets of n^ vertices each. In case some of the 
sides are reducible curves two sides may, however, have a whole curve in common. For this 
reason we have avoided speaking of vertices in the text. 

t If instead of considering the linear polars of P we consider the polars of any order, it 
is clear that these will also form a pencil having the same cross ratio as that of the original 
pencil. 

X Provided, namely, there exists a point of intersection where neither ^i nor St has a 
double point, and where these curves do not touch each other. 
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5. Extension to Surfoces. It is hardly iie(H?8sary to do more than 
mention the possibility of inteipreting the analysis of §2 on the supposition 
that the equations there used represent surfaces in space instead of lines or 
curves in the plane. Thus, for instance, if we regard the equations as repre- 
sentipg spheres, the fommlee concerning the complete quadrilateral in §2 give 
us certain theoi'cms concerning spheres which have two i)oints in common, 
while the proof of Desargues's theorem gives us a theorem concerning ten 
spheres which cut a given spheixj orthogonally. The statement of these theo- 
rems and of similar theorems concerning surfaces of any order presents no 
difficulty. 

Even without changing the d<»grees of the equations we use, the method 
here considered gives us the means of transferring theorems in plane geometry 
to the case of three dimensions. The theorems of §2 are too simple to give 
anything interesting in this way ; but it will lx» a good exercise for a student 
to transfer by this method to quadric surfaces the theorem that if three conies 
have double contact with a fourth^ .six of their chords of internection pass three 
by three through four points^ using for this purpose the proof by abridged no- 
tation given in Salmon's Conic ^Sections, p. 243. 

It will be seen that examples of cases to which our method applies can Ix* 
multiplied indefiuitely. We have confined ourselves here to a few of the very 
simplest illustrations. 
Harvard Ui«ver8ITY, 

NOVRMBKR 1901. 
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ON THE ROOTS OF FUNCTIONS CONNECTED BY A LINEAR 
RECURRENT RELATION OF THE SECOND ORDER.* 

By M. B. Porter. 

At the close of his first memoir on homogeneous linear differential equa- 
, lions of the second order in the first volume of Liouville's Journal, Sturm re- 
marks that results analogous to those obtained for the differential equation 
were first discovered by him while considering solutions of a homogeneous 
equation in finite differences of the form, 

( 1 ) />« Vn +1 + Mn t/n + ^V„ y„_i = 0, 

when L, M, and ^are functions, subject to certain restrictions, of the posi- 
tive integral index n and a variable parameter, and that it was while prose- 
cuting this inquiry that he discovered his famous theorem concerning the 
isolation of the roots of a polynomial. By passing from the discrete index n 
to the continuous variable x, Sturm first arrived at the theorems for the differ- 
ential equation in the paper referred to. This earlier method of dealing with 
the problems solved by Sturm was perhaps regarded by him as merely heuristic, 
or at least as less elegant than the methods finally employed, and his earlier 
researches were never published. 

Characterizing a sequence of real functions yo> ^n • • • !/n ^^ fSlurmian^ 
when the difference in the number of variations of sign in the sequence for two 
particular real values of the argument is equal to the number of real roots of 
t/n in the interval delimited by them, it is certain that Sturm determined at 
least one simple sufficient condition to which a sequence must conform in order 
that it may be Sturmiariy and that he investigated the inverse problem of con- 
structing such sequences by means of a recurrent relation of type ( 1 ) . Looked 
at from the standpoint of the recurrent relation, solutions of (1) enjoying the 
Sturmian property may be called Sturmian solutions; undoubtedly Sturm 
discovered many properties of such solutions. 

* Read before the American Mathematical Society, February, 1901, under a different title, 
t This adjective is here used in a more general sense than in the ensuing sections. Cf. 
the definitions there given. 

(66) 
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It is our purpose in the first five sections to reproduce in part these 
unpublished theorems and in the last section to show how, by means of the 
Cauchj-Lipschitz theorem for the existence of solutions of a differential equa- 
tion, it is possible to establish rigorously the analogous theorems, so far as they 
exist, for the homogeneous linear differential equation of the second order. 
As has already been stated, in this case the index n is replaced by the inde- 
pendent variable and the variable parameter either figures in- the differential 
equation itself, or in the arbitrary parameters of integration, or in both. 

In conclusion it may be said that it is highly probable that Sturm consid- 
ered a somewhat more general difference equation than (!') of §3 and so 
arrived at criteria of a more general character. This point, howerer, I hope to 
consider elsewhere. 

1. Sturmian Sequenoes in Gtoneral. We begin bv considering a 

series of functions 

y„(j:), //n-i(^) //o(-'') 

of the real variable x, real, single valued, and analytic in an interval Xf^^ x ^ Xy,* 
A, It iAfurlhei* supposed that for no point of this interval is yo(^) «?wa/ to 

zero. 

It will Ik? convenient to employ the following graph in considering the 




above sequence. The ordinate * Bi representing y^ in magnitude and sign, the 
abscissa Oi may conveniently be taken equal to the index i. In the graph just 
described, the intersections of the broken line B^Bi , . , . B^ with the ^V-axis, 
which we shall call v-points, convspond to the variations of sign in the sequence 

If now we suppose the parameter x U) vary continuously, this broken line 
will undergo a continuous defonuation, the point Bq remaining always above 

* Throughout the rest of this paper we shall suppose that the variable x Is conflDed to such 
an Interval. 
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the origin, while the y-points are displaced in a manner which will depend on 
the particular functions yi, . . . y,». It is evident that at least one variation 
will be lost or gained when y„ changes sign. The vanishing of an intermedi- 
ate y can cause the loss or gain of a variation only when B^Bi , . . . B^ is 
deformed in such a manner that, when a given y vanishes, the adjacent ^s 
have the same sign, or one of the adjacent y's is zero. In order that the 
number of variations of sign in the sequence yo> yi> • • • • Vn should change as 
X varies from x^ to Xi only when y^ changes sign, it will be sufficient^ if we 
impose the condition : 

B, No two conmcutive y's can vanish for the sair^e value ofx, and when 
any intermediate y vanishes the adjacent y's have opposite signs. 

A series of functions of the kind specified, i. e. fulfilling Conditions A and 
B^ are said to fonn a generalized Stuinnian sequence.* 

Let us now consider what farther restrictions must be imposed on our 
sequence in order that it should lose a variation each time y„ vanishes. Let 
x' be a value of x for which y„ = 0. The sequence will lose a variation as x 
increases through the value x' when and only when y„ and y„_i have opposite 
signs for values of a; a little smaller than x' and the same sign for values a 
little larger, i. e. when 

.g. yn{^' — Ax) ^ ^ ^ yn{^' -^ A^) /A« = a sufficiently small \ 

From (2) we sec that yjl/n-i is increasing with x at the point x', and there- 
fore we have as a consequence of (2) : 

On the other hand, if a variation is to be gained : 

Ldx \yn^J Ax=:x' 

We shall treat explicitly only the case when variations are lost as x increases. 

It is to be noted that condition (2) is more general than (3) and that we 

cannot pass back to (2) except when the inequality sign holds. It is thus a 

♦ Cf, Netto, Algebra, vol. 1, p. 238. 
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sufficient, but not a nei^essary, condition for the Ions of a variation that* 

When this condition is fulfilled as well a^ conditions A and J9, the sequence 
is called a Sturmian sequence, f It should be noted that condition (4) makes 
it impossible for y„ to have a multiple root in the interval (xq, x{) considered. 

Starting with a real polynomial which has no multiple roots in (xo» x^) 
and choosing yn-i = yii Sturm's modified algoritlnn of the Greatest Conunon 
Divisor leads to a sequence possessing these properties, the ordinary Sturm's 
Functions of text books on the Theory of E<{uations. 

2. The Difference EquatilOII. If y« denoU* a function of the inte- 
gral index n, where wc shall always suppose n to denote a [)ositive integer or 
zero, //„ is said to satisfy a /iomogeneou^ linear rentrrenf rein f ton of the second 
order if wc have for all values of /i. 



(1) 



A.//H + 1 -h ^LUn + ^nt/H-^X --=- <^ 



where Z/„, J/„, and ^V,^ denote functions of the index ;i. Wc will assume in 
what follows that none of the functions L^ is zero. 



If wc writ-c 



and 






relation (1 ) may Ih» writti»n in the fonu of a difference e<]uation 

Z;. A*y„ -f M'n ^Un -h y'n Un = 0, 

a fonu entirely analogous to that of the homogeneous linear diffcivntial e(|ua- 
tion of the second order. Wc shall however employ this ecjuation only in the 
recuiTent fomi. 

If to yo *^<1 y\ ^ assigned any values we choose, t all subse(|uent y's are 
uniquely determined by means of (1), since we have assumed that L^ does 
not vanish ; so that (1) may be said to have ao* solutions. 

KyJJ^ and y{J^ denote any two solutions, then, Ciy^n + Cjyl?' is also a 

'^ If multiple roots are excluded (4) is of course as general as (2). 
t C/. Weber, Algebra^ vol. 1, p. 272 (1st ed.). 

X This is analogous to the determination of a solution of a differentiiil equation of the sec- 
ond order by its value and the value of its derivative at a given point. 
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solution.* i/n^ and y}?' are said to be linearly dependent if* a relation of the form 

C^yr + C^yr = ^. 1 = 0, 1, 2. . . n 

exist between them, where the (7's denote constants. 

We will now establish the theorem : 

The necessary and s^ifficient condition for the linear dependence of two so- 
lutions //J;* and y^^^ is 

(5) ■ //{."yr -?/}." yi" = o. 

For if yj,^' and //J?^ are linearly dependent, we have : 
... 6',yi"+ (7ayr = 0, 

where Oi and O2 are not both zero, and therefore (5) is fulfilled. 

Convei^sel}^, if (5) is fulfilled, there exist two constants Ci and Cj not 
both zero which satisfy (6). Now if we have : 

G,yr +C,yT =0, 

then by e(]uation (1) we have at once, 

0,yf^x^C\yi\,^i). 
Therefore starting from (6) we see that : 

C^iyjr-f C^yt'^^ (n = 2, 8, 4, ). 

If then yjj^ and y}f^ denote any two linearly independent particular solutions 
and y„ the general solution, and if we detennine Ci and 0% by means of the 
equations, 

!h=C,y^'^ C\y'^\ 

!/i=C,y['^-\- C,y{'\ 
then /A= Ciy5J> + 0,y'^^ (n = 0, 1, 2, 3, ) 

i. e. any solution can be expressed linearly in terms of any two particular 
linearly independent solutions. 

In the next section we shall be mainly concerned with a recurrent rela- 
tion of the form, 

(!') yn + i + (^71 !/n + y»-i = 0. 

* Analogous to the two arbitrary constants In the general solution of a differential equation 
of the 2nd order. 
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Equation (1) may b<' reduced to this form by the rJiange of dependent variable 

(7) yn^^nZn- 

Thu8 (1) becomes 

If now we determine e„ by the recum»nt relation 

we get an e<|uation of the desired fonn, where e^ and e, may be chosen at 
pleasure, subject merely to the restriction that th<\v do not vanish, and 

&£„ — -J f 7- ^ • e^^ 4- I — f y jr M ' 

^«ji— l^ln— » • • • • /v| '^im^^in^i • • • • /^ • 

/, -V- ^. 



3. Stormian Sequences satisfying a Recmrent Relation of 
Type (1). We shall now consider a se(|uonce\>f functions y^(/i = 0, 1, . . n) 
satisfying a relation of the form, 

in which Z/, ^^/,and jVan» functions of the index n and ai-e real, single valued, 
and analytic functions of a real variable x in an interval x^^ x ^ ^,. If, as 
we shall assume to be the case, L^{x) does not vanish in this interv^al, t/^ and 
all y's of higher index will be determined as real single valued analytic func- 
tions of X in this interval as soon as i/o and //j are assigned as ar!>itrarv real 
anahiiic functions of x, 

I^et us now choose //o so that it will not vanish in the interval (x^, .t'l) and . 
seek to determine wliat conditions may be imi)osed on L, M\ iV, yo' ^"d t/i, so 
that the secfuence yo» //i» • • !/n ^^hall fonii a Stumiian se(juence. To ensure 
that no two consecutive y's shall vanish for the same value of x and tliat, when 
any j/ vanishes, the adjacent y's shall have opposite signs, it will be suflBcient 
if we suppose that not only L hut tdso ydoes not vanuth in the interval {Xq^ Xi) 
and that these /unctions have like signsy ?'. e. that Z^Vis ahvays positive. If 
these conditions are satisfied, the //'s form a generalized Sturmian se<|uence. 
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To determine a sufScient condition that 



Ldx\tj^_J]jL^r 



when x' denotes a root of y„ in the interval (Xq, Xi), we shall suppose (1) re- 
duced to the form (1') by the transfonnation (7) of §2 and consider the equa- 
tion as given in the form, 

(1') y«+i+ ^^yn + ?/„-! = 0, 

when evidently the condition L^> is fulfilled.* The relation between 
Zn and yn (§2) shows that, under the restrictions placed on L and iV', z and y 
vanish together. 

Let X take the positiye increment Ax, and let us write y<(x + Ax) = y,-, 
etc. Then (1') becomes /' 

yn+i + fT„y„ + yn-i = 0. 
So that, when ynl/n is not zero, we have, since yo{x) / : 

^'^ = ^^'-^ = J~[ (-&n+ 0„) y„y„ + y„y,._, - y„y„_A 
Vn y„ Vn y„y„ L J 

ynyn L 1 Vyo yo/ J 

Since all the y's are continuous, we can, for a given value of x, take Ax so 
small that 

yrnVm ^ ^^ m = 0, 1, 2, . . . w. 

Let us now impose the restrictions : 

1° (t„, ^ 6r,„ I 

TO as 1, a ... n. l Xq ^ X ^ Xi 

r y,ly,^y,ly, J 

where, if the equality sign holds in 2'', we require either that there be two suc- 
cessive relations 1° where it does not hold, or that it does not hold in the last 
relation 1°. 

* It may be rm ail (Cl !ii ] rs^hg tin t il.is liai^ffin i ti< n is vrrcic^sn} M A/X is iide- 
pendent of x. 
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Under these cireuinstanccs a (luantity S can be found such that, if y„(») :^0, 
A 'h±l > when Ax < S- 

Thus //n-fi/z/nwill then increase continually with x from — oo to + «> in every 
interval of (xq^Xi) delimited by two consecutive roots of y„(x). Since the 
y's are analj'tic functions of x^ the limits 






liiii ^_'/'Ly liin 

AarrrO Ax a J- = A .f 

exist and we have, 

<«> ei7)'-Mf-'----^-(:D'] 

The conditions 



2° p-) ^0, 
\//o/ 



wi = l,2, . 



the restrictions above stated as to the simultaneous presence of equalities in 1" 
and 2** holding, yield at once th(» ine(iuality 



^ //rt / 



when X is suppased to lie in an interval included within an interval delimited 
by two consecutive roots of y„. Thus, if conditions 1° and 2° arc fulfilled, the 
functions yo> yi> ^2 • • * !/n form a Stumiian sequence. We may call such so- 
lutions Sturmian soltitions. 

Let us now consider the case in which 6r„and f/./f/o are real analytic func- 
tions of several parameters Xi, Xj, . . . in the intervals 

ii-o^ < Xi < x^\ I = 1, 2, ... . 

We will assume that these functions satisfy the conditions 

<?•*< »« = 1,2, . . . n 



.,o J_ /'/A ^ „ 1=1,2, . . 



^ V'/o/ 
Let us first consider the case in which there are onh' two pammetei'sa*!, .r,, and 
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ask ourselves how the roots of j/u + i^ regarded as a function of x^, vary with x^. 
It is clear that these roots are continuous (in fact analytic) functions of Xg which, 
since they are never multiple roots, can cease to be real only by disappearing 
at one end of our interval. The question is whether they increase or decrease 
with X2. To settle this question we notice that, Xj, x'j being a pair of values 
for which y„ :^ 0, the function yn-}-i/y»niust, according to what we have proved 
above, increase when Xi or x^ or both increase. If then x'^, xl^ is a pair of values 
for which y„4.i vanishes, and if starting from these values, we wish to change 
:Ki, X2 so that y„+i retains the value zero, we must increase one of them and 
decrease the other; i, e. if we regard //„_}_ 1 as a function of ^i, its roots decrease 
as X2 increases. 

Coming back now to the case in which there are more than two paiumetcrs, 
we will assign to all but two of them fixed values. Then by applying the re- 
sult just obtained we get the theorem : 

If!/n{^v 3!^« . • •) i^ regarded as a J unction of the variable x^, the roots of 
y„ will decrease with the increase of the other parameters. 

4. Theorems concerning Sturmian Solutions. We have seen 
that, if y„ denote a Sturmian solution in a ceilain interval, then y^ has no mul- 
tiple roots in this inteiTal and that ynlUn—\ increases continually from— 00 to 
+ x) in any interval delimited by two consecutive roots of //„-!• Similarly, 
it is seen at once that (y„ + //,» y„ _ i)/yn - 1 will increase continually from — qo 
to + 00 in this same intei-val provided that 

A similar extension can of course be given to the last tlieorem of §3. From 
the foregoing we can now deduce the folloAving theorems. 

Theorem 1. A variation xoillbe lost in the sequence y^^y\, - . . y^ when- 
ever yn vanishes. 

Theorem 2. IVie roots of yn cind y^-^i separate each other, or more gen- 
erally the roots of y^ + i/«y„_i (fnd y„«.i separate each other provided that 

if; s 0. 

For, since y„/yn - 1 increases continually from — 00 to + x in any inter- 
val delimited by two consecutive roots of y»_i, the function y„, which has no 
multiple roots, will vanish once and only once when x increases through this 
interval. 
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Theorem 3. If i/n' ^'*^ !/n denote any two linearly independent mlutiowi 

oi) ^ ^ ^''^U'^j > ^' t/tertpotM o/y\l' and y'^' will separate 

each other. 

From (1') we have 

!/n y«-i — ^n !/h-\ = I/i .70 — //I yo = ^v^; 

where, by the hypothesis that y„" and //„^' are linearly inde|x?ndent, Cmustbe 
a function of x which does not vanish in the interval (^o, jl'i). Further, since 
C{x) is continuous, and thus cannot chan<rc sign, we may suppose C{x) always 
positive. Let x^ and xj denote two consecutive root* of yi;'. By Theorem 2 
this interval contains a single root of //;;!_ i ; hence, since 



yn'(^i)//;;-i(.'-.i) - ^'(y^) >o 



and 



it follows that y[]^ vanishes at least once in the interval determined by two con- 
secutive roots of yi;'. Similarly, y^^ vanishes at least once in an interval de- 
termined by two consecutive roots of y',V, and hence the theorem. 

Let yn^ and y^^ be any two linearly indejn^ndent solutions, and let us de- 
note by y„ the solution ^ 

where 2 is a parameter. Then we have 

a,d lfJl±-\ ^Vn!/T-i-I/T//.l'-x ^ _ yo''< _ f!/^'' ^!/l\ 

Thus yjl/n-i increases continually with z between any two consecutive rooti* 
of yn-i» if y/'/yo' > //!"///(/*• If z decrease from a very large value to a very 
small one, yJl/n^u starting from a value as near y'nil/'n-i as we please, will 
approach yn^lyW^i as its limit, and the r-points of y^ . . . yo will, starting 
from coincidence with those of yi,'^ . . . //i,'\ all move in the same sense into 
coincidence with those of //',;'* . . . //o"'. Since y„ always remains linearly inde- 
pendent of yi,'^ and y,J\ a y-point of //„ • • • //o could not come into coincidence 
with one of y;;' .... y'^\ If yi'/yo' < !jTly''% w** ^*a>> reason in the same way, 
and thus we get 
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Theorem 4. Jf Vn ^^^^^ U^n denote any two linearly independent solutions 
0/(4:) such that y\s^ and y^'^ do not vanish, no restrictions as to continually in- 
creasing or decreasing being imposed on Gn{x), the v-points of the series 
Vn^ . . . yi/^ and of y^^ , . y\{^ will alternate, i. e. the number of variations in 
the two sequences will differ at most by unity. 

Theorems 3 and 4 are analogous to well known theorems of Sturm for the 
linear differential equation of the second order. Theorems 1 and 2 seem to 
possess no analogon for the differential equation. 

The analogon of Stunii's Tlieorem of Oscillation may be stated as follows. 

Theorem 5. If G^„(.t) continually increases with x and is such that 
Gn{Xo) ^ L' and Gj^i) ^ - M^ {n = 0, 1 , 2, . . .),and if U and M^ are 
sufficiently large, there is one and only one value of x{Xq ^x ^ Xi) such that 
V lite number of variations in the sequence yn^i/n-^iy • » * y\if^ equal to an 
assigned integer r (r not greater than >/ — 1 ) and such that 

r ^^ =« . 

a and a' being any assigned real constants. 

The proof is immediate. We note that, if in the equation 

we take C as a sufficiently large positive constant, the sequence y„, y» -i, . . . yi 
Mali present n — I variations of sign and if (7 is a negative constant of suffi- 
ciently large absolute value, this sequence will present no variations of sign. 
Thus if Z* is sufficiently large, the seciuence y^y^j • . yn will present n — 1 
variations of sign. As x increases from Xq towards Xi Crwill decrease and a 
variation will be lost every time //„ vanishes ; fuilher since the roots of yn-i 
sepaiute those of y„ and in an interval delimited by two successive roots of 
y«— u Z/»///n-i increases continually from — oo to + oo with the increase of 
X, yu/f/n-i passes in every such intei-val through any given value, as /3, once 
and only once. This proves the theorem. 

5. Some Applications. As examples of sequences which fall at once 
under the conditions of the preceding sections we will cite first the 
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Zonal Harmon tr^ : 

Po(x-), J\(.r) I' J J) : wIk'Iv /\, = 1 and /', = a 

while the recuiTont relation is 

(« + !)/», + , = {2« + 1) x/»„ - n7',._,. 

Suice jLji and ^V„ do not depend on x, the conchtsions of §H are valid and we 
have, the interval (^, X|) extending fit)ni — x> to + » , 

1° The secjuenee 7^„ . . . 7 © '« ^^fitrmian ; 

2** The roots of P„ and 7^^ _ i 8(»jmi-atc^ each other ; 

3* Pn has no multiple roots. 
From 1** it follows that all the roots of J\ are real.* 

LomnieVH Function : /?'*•"*(.!:), defined as follows, 

where the f/'s denote Bessel functions, affords a second example. 

Herei?"'®(.i-) = 1 and/]?"''(.r) = 2(/i -h I )/.r, the recun*ent relation beingf 

(10) /2«.*" + naJ) = 2 ^^' ^ ^^[^ ^^ 7^'»*(.r) - /^"•'"-Uic), 

so that, if H > - 1, the conditions of §3 J are fulfilled and li'''^, li''*\ . . . /;«»«» 
form a Sturmian sequence. The root^s of li***^ and It***^"^ are all real and 
alternate and increase with the pammeter n. 

Even if w < — 1, if H + ^fi < 0, the conditions of §3 and the conclusions 
from them hold. 

The conditions at the end of §3 also have place for (10) if n + ni < and 
X be changed to — x*, so that, if n be increased^ (he roofs of Ii^^^{-' x) = 
decrease; i. e. the root** of /?'*•*" (x) = increase with n. 



* These theorems may be obtained by making use of the relation 

which shows tliat, if | x | < 1, PnPH-i > 0, when P„ = (conditions on p. [67]). Cf. Weber's 
Algebra, vol. 1, p. 277. 

t Cf. Graf and Gubler*s Einleitung in die Theorie der Besselschen Functionen, vol. 2, p. 102. 

X The Inequalities 1° and 2° of p. 62 are here reversed, but Theorems 1, ... 5 still sub- 
sist if we replace the word lost in Theorem 1 by gained and reverse the inequalities in Theorem 3. 
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As a final example we may consider the partial numemtors and denom- 
]natoi*M of the convergents of the continued fiuction 

F{x) = a,aj+ /3, - j' — 72 

when the a's are all positive or all negative and the 7's are positive functions 
ot the index n. Denoting the partial numerators and denominators by y„ 
and y„ respectively we have 

yo = 0, yi = 1, yj = a^x + fi^. 

Thus the conditions of §3 are fulfilled and y„, !/n-u • • • • yo (or 
Vn^yn—i 5 . . . . y\) form a Sturmian sequence, all the root« of i/n{yn) *r® 
real and are separated by those of y„ _ 1 (y,, __ 1) . * From the relation 

_ n 

ynyn^i - ynyn-i= n7„ 

i 

we also infer that the roots of y„ and y^ seimrate each other, i. e. the poles and 
zeros of yjyn alternate. 

By §3 we conclude that the absolute values of the roots of y„(a:) = 
(yii (^) = 0) decrease with a,.(r ^ n) if the a's are positive, and increase with 
the a's if the a's are negative. 

The foregoing is the simplest type of continued fraction which satisfies 
the conditions of §§3 and 4. 

The general type suggested by §3 is 

where <f>n{^) > 0. 

6. The Limiting Case of the Differential Equation. To show 
that under ceilain restrictions, to be hereafter given, the difference equation 
goes over into a difierential equation as its limiting form we shall need the 
following 

* This result has been established by Sylvester, Philosophical TraMOCtions, vol. 14, part I. 
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Lemma. If f{x) denote a single valued function of the real variable x 
possessing finite Jir»t and second derira fives in the interval (xq^ a*,) then* 

lim /{x+2S)-2/(x + S)+/(x) _ ^ .x.r 

ae-0 ^ "^ '^' Xq < X < Xi. 

Consider now the difference equation, 

(11) /. + .+ ^i^n/. + l+/n = 

and let 

fm = f((i + /'8), wS = X — a, 

then (11) may be written 

(1^) gi - V ^" A"^' 

If then we suppose that 

equation (11) will go over into the differential equation : 

f'(x)=-G{x)f(.r). 
Conversely, if we have a differential equation in the form 

(13) y'=G'(x).y 

the Cauchy-Lipschitz existence theorem for solutions of differential equationst 
shows that, if G(x) is continuous (not necessarily analytic; in the neighbor- 
hood of a, we can find a solution of (2) having the arbitrary boundary values 

(14) y(a) = c„ i/'{a) = r, 

by regarding (13) as the limiting form of a difference e(|uation. In the proof 
as usually presented (13) is replaced by the simultaneous |>air of e<|uations ot 
the first order 

p' = -.a(x)y 

which are regarded as the limit of the difference equations 

!/n + l- !/n=Pn^' 



• Cy., for example, Harnack, Elemente der Differential- und lutegralrechnung, p. 66. 
t See for instance Picard, Traite d*analyse, vol. 2, p. 291. 
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Here we must let 

By means of the two equations of (14), all //s and p's of higher order can be 
computed, and the Cauchv proof shows that 

lim //„ = t/(x), lim p„ = // ' (x ) 

where i/{x) is a solution of (13). 

The upper limit for nS = \x — (f\ postulated in the classic proof is in gen- 
eral much too small. Picard and Painlev^* have shown that the Cauchy solu- 
tion will be convergent throughout the whole interval 6061 (60 < « < 6i), in which 
f/(x) as well as G(x) are continuous and that the convergence is uniform over 
every tract within this intei'val. Moreover, since we are dealing with a linear 
equation, the interval throughout which // is continuous will be at least as great 
as the interval throughout which G is continuous, t 

It is well known t that no solution of (13) can have a multiple root at a 
point of the interval just considered. P>om this it follows that there cannot be 
two distinct solutions of (13) satistying conditions (14), since their difterence 
would have a nmltiple root at ct. On the other hand it is clear that a solution 
of (2) which is not identicall}^ zero cannot have an infinite number of roots in 
a finite interval within and at the extremities of which G is continuous. For, 
at the points of condensation of such roots, y ' as well as // would be zero. 

If we now suppose that //(«), //(«), and G{x) are continuous functions 
of a pammeter X ( X^ < \ < X^) then //„ and j9„ are continuous functions of this 
parameter and, by the unifonnity of the convergence, their limits //(•^) and 
t/'(x) are continuous functions of (x, X). 

From the method in which y„ and j?,, nmst be computed by means of (14) 
it is evident that the result will be the same if we eliminate j) between the 
two equations of (14), thus getting 

(!-'>) //;i+2 - ^y«-f-i + /A' = - ^^'(« + '**) /Ai-f 1 *^- 

If now we i)lot the ordinates //„,, rn = 0, 1, 2, ... /i, as in §1, using for the 



♦ Picard, Comptes Bendus, vol. 128 (1899), p. 1863. 

Painlev6, Bull, de la Soc. Math, de France, vol. 27 (1899), p. 150. 
t Cf. Peano, Math, Annalen, vol. 32 (1888), p. 460. 
; Cf. Sturm, I. c. p. 109. 
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corresponding abscissas mB, m = 0, 1, . . . n, we shall get a broken line which, 
if S be taken sufficiently small, will lie between the two curves 

(e arbitrarily amall) 



and y = y(.r) 



-:\ 



where x is 8upjK>sed to he any point of an intei*val lying within the interval in 
which t/{x) is continuous. 

Equation (15) belongs to the type of difference equations considered in 
§3, and it was then shown (cf. (8) ) that if either yi/y© ^^ ^(^) increases 
with X, the other not decreasing, or both are functions of the parameter X which 
continually increase as X increases yn(^)/y«-i(^) increases continually with 
X in any inteiTal delimited by two successive root^? of //n(^) = 0, and that 

the same is true of ^^^ ^ ^**~"-?^ ^ so that we have the fundamental theorem : 

.'/»-i(M^ 
Under the restrictions imposed on f/'{ay \)/t/{aj X) and G(x, X), namely y 

thai either or both shall continually ina*ease with X, and neither decrease^ the 

ratio y\x^ \)/y(Xj X) will be a continually increasing function of X in any 

intei'val delimited by two s\iccessive roots of y(x, X) = 0. 

In the same way it can be shown that the roots of //(.r, X) = will con- 
tinually increase with X. 

The Oscillation Theorem for the differential equation can be arrived at in 
the same way by regarding it as a limiting fonn of the analogous theorem for 1 

the diffei*ence equation. j 

The equation (8) of §3 becomes, if we pass to the limit. 



I 



[(?(a;,X)--(V(A',Xi)]//(a;,X)//(x,Xi)rfx + //i(w,Xi)y(a,X)-//j(a,X)-/(a,Xi). 



This fundamental equation, which can be at once obtained from the differential 
equation itself, is the starting point of Sturm and BOcher* in establishing the 
Comparison Theorems from which the other Stumiian Theorems ai'e deduced. 

Talk University, 

New Haven, Connecticut. 

* The Theorems of Oscillation of Sturm and Klein., BulL Am. Math. Soc.y ser. 2, vol. 4 
(1898), p. 296. 
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SPACE OF CONSTANT CURVATURE. 

By Frederick S. Woods. 

As is well known, the investigation of the foundations of geometry has 
led, by three distinct methods, to the recognition of the fact that alongside of 
the Euclidean geometry there exist other systems, equally self consistent and 
equally capable of explaining the facts of experience. The first of these 
methods of research, that of Lobachevsky, Bolyai, and Gauss, proceeds upon 
the historic lines of Euclid. The second method, that of Klein, starts 
from Cayley's system of measurement with reference to a fundamental quad- 
ric and employs the principles of projective geometry. The third method, 
that of Riemann, consists essentially in the study of differential quadratic ex- 
pressione and extends to space of any dimensions Grauss's idea of the curva- 
ture of a surface. The first two of these methods make less demand than does 
the third on special mathematical knowledge, and elementary expositions of 
them are readily accessible and widely known ; but, as far as the present writer 
is aware, no elementary treatment of Riemann's ideas exists. Such a treat- 
ment seems desirable, however, not only because of the intrinsic importance 
of Riemann's methods, but also because his results have been sometimes mis- 
understood. The term "curvature of space " has led some to infer by a false 
analogy that Riemann's geometry is possible only on the assumption of a 
fourth dimension.* 

The present article is an attempt to present Riemann's ideas in an ele- 
mentary form. The basis of the article is Riemann's famous paper " Ueber die 
Hypothesen, welche der Geometric zu Grunde liegen."t In addition, the 
writer has consulted, among others, the following papers : 

Dedekind- Weber : Anmerkungen. Riemann's Gesammelte Werke^ Isted., p. 884; 2nd ed., 

p. 405. 
Helmholtz: Ueber die tbatsachlichen Grundlagen der Geometrie (1866). Wissen- 

schaftliche Abhandlungen, vol. 2, no. 77, p. 610. 

Ueber die Thatsacben, die der Geometrie znm Grande liegen (1868). 

Ibid,, no. 78, p. 618. 
Beltrami: Teoria fondamentale degli spazli di cnrvatnra constante. Annali di 

mat., ser. 2, vol. 2 (1868), p. 232. 

*TbiB error bas recently been repeated in an article by Professor E. S. Crawley on 
<< Geometry: Ancient and Modern," published in tbe Popular Science Monthly Tot Jan., 1901, 
p. 267. 

t Qesammelte Werke, Ist ed., p. 254; 2nd ed., p. 272. 

(71) 
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Newcomb : 



Killing : 



Schur : 



Klein : 



Lie-Engel : 
Bianchi : 



Saggio dl intei'pretazioue della geonietria non-Em-lidea. iiiornaU di mat., 

vol.6 (1868), p. 284. 

Elementary theorems relating to the geometry of a space of three dimensions 

and of aniform positive curvature Crelle, vol. 83 C1877), p. 298. 

Ueber zwei Ranmformen mit constanter positlver Krttmmung; Crelle, vol. 86 
(1879), p. 72. 

Die Rechnung in den Nicht-Euklidischen lUamformen. Crelle, vol. 89(1880), 
p. 265. 

Ueber die ClilTord-Klein'schen Raumformen. Math, AnnaUn, vol. 39 (1891), 
p. 267. 

Einfuhruny in die GrundUujcn der Geometrie, Padeborn, 1893. 
Ueber die Deformation der Raftme constanten RIemann'schen Krfimmungs- 
masses. Math. Annalen, vol. 27 (1886), p. 168. 

Ueber den Zusammenhang der Raiime constanten Rieinann'schen Krtlmmungs- 
masses mit den projectlven Raumen. T&t'd., vol. 27 (1886), p. 537. 
Autographfrte Vorlesungen Uber Nicht-Euklidiscke Geometrie. Gottlngen, 1892. 
Zur Nicht-Euklidischen Geometrie. Math. Annalen, vol. 37 (1890). p. 544. 
Lectures on Mathematical Lecture 11, p. 85, New York, 1894. 
Theorie der Transformationsgruppen, vol. 3, p. 393 ff. Leipzig, 1893. 
Differentia! {/effmHrie, German translation by Max Lukat, p. 563 ff. 



1. The First Two Hypotheses. Kicmann^s investigations are con- 
cerned with the properties of extents (^Mannigfaltiykeiten) of any number of 
dimensions, in which an element may be detennined by means of coordinates. 
Such extents are now commonh^ called '' spaces of n dimensions " ; but we sliall 
restrict the word "space", in this article, to an extent of three dimensions, 
while " surface " shall mean an extent of two dimensions, and " line " an extent 
of one dimension. We have then two problems. First, we have to develop 
a system of geometry from assumed hypotheses and, secondly, we have to 
bring our results to the test of experience and inquire how far they are in 
accord with natural phenomena. 

These two problems need to be sliarply distinguished. The first is theo- 
retical and exact ; the second is empirical and subject to all the uncertainty 
which belongs to physicaj obsei^vations. In attacking the first problem, the 
investigator is free to choose his hypotheses as he will, provided only they 
are not contradictory, and to draw what conclusions he may from them. We 
shall accordingly make the two following hypotheses which we will first state 
and afterwards discuss. 

FiKST IlvroTHESLs. The spuc€ to he cAjusidtved shall be a continuum of 
three dimensions, in which a point mat/ he detennined hi/ three independent real 
quantities^ .r!,, x.^, x^. 
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Second Hypothesis. The length of a line shall he detei-nihied by mexin^ 
of a line element given by the equation 



dn = yj^a.j, dx^ dx^. , (a^.^ = cifj, ; /, A* = 1, 2, 3) 

where the an. are functions of Xi^ x.^, Xj,, which together with their differential 
coefficients of the first four orders are finite and continuous^ and where the 
expression under the radicxil sign is positive for all real values of Xj, Xg, x^ 
and r/x'i, dx^^ rfxg, provided that .r,, .r.,, x.^ correspond to points of the space and 
that rf.rj, r/x.,, dx.^ are not all zero. 

JJisrusfiion of the First Hypothesis. In a purely analytic sense, appoint" 
is a set of three values (x^^ x^^ .V3), and " space " is a collection, or assemblage, 
of such points, which together fonn a continuum of three dimensions. By the 
requirement that space be a continuum, the following two properties are 
asserted of sjmce. First, if (ai, (/2» ^3) ^^ ^^.V point of space, then (a, -f ^j, 
a 2 + /*2» ^8 + ^s) ^^ ^l^<> * point of space, whatever may be the values of Ai, /ij, 
and As, provided that no one of them exceeds numerically a certain value A, 
depending in geneml on the point (^/i, a^^ a^). Secondly, if (a^, a^y a^) and 
(6j, 62* 63) are any two points of space, it is possible to connect them bv a 
continuous cuiTe lying in the space. 

Here it is immaterial whether X|, .1*2, and .1-3 be allowed to take all possible 
values, or whether they be subject to certain restrictions, provided only the 
above two conditions be met. 

We assume for the present that to every point of s{)ace, or at least to 
every point of the portion of space which we are studying, corresponds one 
set of coordinates (x^, Xg, Xj), and conversely. We can later proceed to all 
portions of space, in case this condition is not everywhere fulfilled, by the usual 
methods of analysis. 

Our space is assumed to be three dimensional. By this it is not meant 
to deny the possibility of the space's lying in an extent of higher dimensions, 
but simply to assert that the discussion has nothing whatever to do with these 
dimensions. The validity of the results obtained is neither strengthened nor 
weakened by the assumption of a fourth dimension. 

Discussion of the Second Hypothesis. Within the si>ace thus defined we 
may pick out at pleasure.one dimensional extents or lines. We shall restrict 
ourselves here to lines which may be expressed analytically by the equations 

.'•, = /i(o, '''2 = A(n^ ■''3 = /i(o^ 
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where t is an arbitrary {mmmeter, and whei-e, for the values of / which come 
into consideration, /i, /g, and^ are continuous functions possessing continuous 
first derivatives which do not vanish simultaneously. Consider now^ a portion 
of such a line corresponding to values of t lying bt^tw^een, and including, the 
values ^0 and 7, and let this portion be broken up into n segments, to the ex- 
tremities of which correspond the values /©> ^» '*' . . . . , ^,-i, T. If now 
(^i> ^t^) ai'<i the coordinates of the extremity {t — (() of any segment, the 
coordinates of the other extremity (t = fi^i) will be, except for infinitesimals 
of higher order, (Xi -f rf.ri, .Cj -h d^^, -r^ + ^•''3), where 

dxi = fl{t)fU,' (lxi = fi(t)df, (lx^=:fii{t)(/f, and <// = /^^, - ^,.. 

We introduce now arbitrarily as the definition of an efeiHt^nf of leiufth a func- 
tion 

<^(Ai, .r^, .r, ; fix,, ilx^, //<,) 

which has the following two properties. First, it shall lx»come infinitesmial with 
r/;Ci, dx^^ dx^ and conseijuently with <//, and, secondly, the sum of the n values 
of this function computed for the n segments of the line considei'ed shall ap- 
proach a limit as n is indefinitely increased and at the same time the n quanti- 
ties ^,_f.i — t^ are made to approach zero ; the limit to be inde[>endent of tlie 
manner in which the extremities of the segments are chosen. This limit is 
defined a^ the length of the portion of the line in question. 

These conditions are met in paiticular by the assumption of die line ele- 
ment as in the second hypothesis, in accordance with which we have 



<t> = y/'laa-dXidxi., 
The length of the line is then given by the integml 



/ 



= l'y/^a,,fl{t)fl{t)dt^ 
Mo 



This form of the line element has for our present purpose the decided ad- 
vantage of including as special cases all the forms occurring in Euclidean ge- 
ometry, which correspond to ditierent systems of coordinates (Cartesian, polar, 
cylindrical, etc.) ; but it is by no means the only conceivable one. Thus we 
might, asppinted out by Riemann,^ employ the positive fouith root of a homo- 
geneous biquadratic expression in dxiy dx^y dx^. Further, the restriction that 
the expression Sa^^t dXi dx^, should be always positive for allowable real values 
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of the (juantitie^ involved may be dropped,* but in that case we should have 
certain real lines with zero or even with imaginary length. Such a geometry 
would not explain the facts of experience and is therefore not considered here. 

2. Oeodesic Lines and Surfaces. We proceed now to find the 
equations of the shortest line between two points ; or, in other words, to de- 
termine the condition that the integral 



'=fV^^-st''' 



shall be a minimum. The Calculus of Variations gives, as a necessary condi- 
tion that the integral 

Mo 
be a minimum, the Eulerian equations 

In the present case, these become 

df Vi; V '^ 7/7 ^ '^'^ 777 -^ ''« ^; = * V^ Z 8^ W W ' 

where /=:1,2,3 and li^ ^ ^a^^^ --=j -jj - The integml / is invariant of 
the parameter i. We introduce the parameter .s defined by the e(]uation 



=Xv^"'^-^'^'''' 



{. e. the length 8 of the portion of the geodesic line between an assumed fixed 
point and a variable point. Since 



/ \/Etdt = I' \lR,fU = .K, 



* Compare for example Blanchi's paper : ''SnUe forme dlfferenziali qaadratlche indefinite," 
Atti delta B. Accademia dei Lincei, Memorle, ser. 4, vol. 6 (1888), p. 689, as well as the writer's 
article: Ueber Pseudominimalflachen, Gottiogen 1895, wherein are developed properties of 
certain surfaces in a space for which the line element Is ds = ydor* -}- dy* — dz^ ' 
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it follows that 
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2«.t — ' -^ 



U) 



Heiioc* the nece«sarv loiiditioiis for a minimuin, in terms of the j)ai-amet4»r /*, ai-e 
d r ^l^\ ^^2 ^^^f\ 1 X^ ^^ik <^^i ^l^k 

Ts r>^ rf^ ^ "'' 777 + ^' ^« T^rJ = * 2. a^ rf7 rf7 ' 

d r dxi dx^ f/if,"! _ - "^ Sag dXi dx^ 

.T^r"^ ^ ''^^^ """"^J " ^ 2L,dx^ 1u ds ' 

r7« L ds ds dftj ^.^ cx>^ ds ds 

('oiivers<'ly, these conditions are sufficient if / is not too yfreat. More preciselj'^ : 
Let (ffi, (i2^ ffji) Iw* any point of sjjace, and (.ij, rg, .tv,) any second point such 
that \Xf — a,] does not excc^ed a suitably chosen positive <|uantity, //. Then the 
ecjuations (A) admit one and only one sohition wliich passes throu{>:h the points 
{a) and (.r) and has all of its points lyin*r in (he re»rion |.r,. — r^-l < A, and 
foi' the correspondin<r curve the intepiil f has a smaller vahn* than for any 
other curve joining the points (a) and (.f). 

Wo take the e(|uations (-1) accord in<i:ly, as the detinintr c^juations of the 
(jeodeslv lines. In accordance with the theory of difl'erential equations, it is 
always possible to find one and only one solution of these e()uations which 
takes on at an arbitniry point (;ti, .<'2, .1-3) any arbitmrily assign(»d valuea (not 
all />ero) of the differential coefficients dxi/ds, d.v^/ds, dxjd.s. If these dif- 
ferential coefficients satisfy initially the relation 

^''"' ds ds - ^' 

this relation will be fulfilled for all values of .x. 

The geodesic lines which mdiatefrom a point are lie nee distinguished fi-oin 
each other by the mtios of the values of the differential coefficients and these 
may consequently be regard<»d as fixing the direction of each line ; th<' diroi- 
tion being, broadly, that property of a geodesic line which distinguishes it from 
all others through the sani(» point. 

It will be convenient to denote dxi/dn by f<, and to define the triple con- 
sisting of the three direction (juantities fj, fj, fj as the direction (f,, f,, f,). 
These (juantities satisfy the relation 
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Our results thus far are these : 

Theorem 1. A geodesic line is completely determined by means of any 
point on it and any second point not too far distant from the first. 

Theorem 2. A geodesic line is completely detennined by means of any 
point on it and its direction at that point. 

Theorem 3. Through any point of space pass oo* geodesic lines, each of 
which is co7npletely deter^mined by means of its initial direction. 

Take now two geodesic lines extending from the same point vdih the 
directions (,ai, oj, Oj) and (/8i, /S^, /Sg) and consider the system of geodesiclines 
which radiate from their point of intersection with the directions (fi, fg, fg) , 
where 

fa = ^«2 + mA» 
h = ^«s + M^3» 

and, by viituo of the relation (i?), X and /i are connected by the relation 

X«-f-M*+ 2X/i2aa.'a,./3^,= 1. 

Such a system we call a pencil of geodesic lines, and the common point the 
vertex. This pencil corresponds to the totality of stmight lines in elementary 
Euclidean geometry, all of Avhich go through a common point and lie in the 
same plane. Any two lines of a pencil define the pencil. Any line of the 
pencil is fixed by means of a single parameter, which may be conveniently 
chosen by introducing the conception of an angle. The angle 6 between two 
intersecting geodesic lines, with the directions (^j, ^2» fa) ^^''^^ (fi> fi* ^s)if^hall 
be defined by the relation' 

ivhere the a^. are computed for the point of intersection. 

The angle is always real, since we arc considering onh^ real geodesic 
lines. This may be most conveniently seen b>' dropping for the moment the 
condition that (fj, ^2, fs) should satisfy relation (B), We may then interpret 
these cjuan titles as homogeneous point coordinates in a Euclidean plane. If 
now (fi , ^i, Is') and (f/', ^i\ fg") are two points of this plane, any point of the 
line connecting them is given by the fonnula : 
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and tho points in which this line intxM'sects the conic section 
correspond to values of X : ft given by the equation : 

But the above conic has no real points of intersection by virtue of our second 
hypothesis. Therefore the root*^ of the quadratic in X : /* are imaginary. There- 
fore its coefficients satisfy the relation : 

Introducing now the condition (B) we have 

12r,,,f;r//| <1. 
The limiting cases 2a/^. f/fj/ = ± 1 can occur only when 

Since the sigils of |i, f^, and fs ^^7 '>^ changed without altering the geodesic 
line corresponding to them (for such a change of sign may be made by alter- 
ing the sign of d,H^ that is, of the direction in which the length is measured), 
it follows that cos is ambiguous in sign. This ambiguity is the same as that 
met with in the angle between straight lines in Euclidean geometry and may 
be removed by familiar conventions. 
If cos z=z 0; i. e, if 

the two lines are said to be perpendicular. 

We may now readily prove the following theorems : 

Theorem 4. In any pencil of (/eodesic linen there exists one and only one 
line perpendicidar to any (jiven line of the pencil. 

Theorem 5. If a geode^^ic line through the vertex of a pencil is perpen- 
dicular to two lines of the pencil^ it is j)ei*pendicular to all lines of the pencil, 

Theohem (). Through the vertex of a pencil of geodesic lines passes one 
and only one geodesic line perpendicular to all lines of the pencil. 
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Theorem 7. The geodesic Unes perpendicular to a given geodesic line at 
a given point form a pencil. 

Proof of Tlteorem 4. Let a pencil be given with its veiiex at O and let 
OA and OB be any two lines of the pencil with directions (ai, o^, a,) and 
{P\y Pii 0s) respectively, making the angle a> with each other. Then 

cos CD = 2a,jt «i/8jL- 

Let OM be any line of the pencil defined by OA and OB ; then the direction 
of 03f is given by the equations 

where X'^ + /i^ -f- 2XfjL cos w = 1. 

The angle d between OM and 0-4 is given by the formula 
cos = 2a,-;i. «« (^^ii- + H'fik) = ^ + M ^-'os o). 

The condition that OM be perpendicular to OA is that cos = 0; hence we 
have as the necessary and sufficient condition for perpendicularity : 

X = ± cot Q), fl = T CSC O). 

The direction of 03/ is thus restricted to a single direction and its opposite, 
and hence there is one and only one line in the pencil perpendicular to OA, 

Proof of Theorem 5. Let 0(7 be a geodesic line through OA perpen- 
dicular to the line OA and OB of the pencil. The direction (71, 72, 73) of 
00 satisfies, then, the conditions 

2«a- «,• Tit = 0, ^a^, fii 7i. = 0, 
and consequently the condition 

for all values of X and ft. Hence 00 is perpendicular to every line of the 
pencil. 

Proof of Theorem iS. By the ecjuations 

2 aij, ai 7^- = ^^ ^ an, fit 7* = 0, 

the values of the i-atios of 71 : 72 : 73 are uniquely determined, and by aid of 
{B) the values of these quantities are deteiinined except for sign. Hence it 
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is always possible to detenuine one and only one perpendicular to two inter- 
secting geodesic lines at their jwint of intersection. By Theorem 5, this line 
is i>erpendicular to every line of the jx^ncil. 

Proof of Theorem 7. If OC with direction (71, 72, 73) be given, the con- 
dition that a geodesic line through O should be jx'i'pendicular to OC is 

2^'.i.7.fi = 0. 

If now (aj, 0^,03) and (ySi, iS^, ^83) are two sets of values which satisfy this 
e(|uation, it will be satisfied by all values of the fonn 

and by no other values. This follows from the fact that the ecjuation is linear 
in the unknown (|uantities f/. Ilenco the geodesic lines through O i:)eri)endic- 
ular to OC fonu a i)encil. 

Geodesic Surface, If we define a ixMicil by means of two jwrpendicular 
geodesic lines OA and OB^ and denote as before by 6 the angle (proi^erly 
.chosen) between OA and any line of the pencil 03/, we have 

X = cos d, ft = sin ; 

so that the direction of OM is given l)v 

^^ = a,- cos + Pi sin 6^ 

where is arbitrary and lan-af/Si. = 0. 

If P(^i, Xj, 053) be any point on the line 03/ and r be the length of this 
line from O to /^ the coordinates of P are deteniiined by integrating tlie differ- 
ential etjuations of the geodesic line, choosing the solution which at the point 
j:i has the direction f,-, and substituting r for s. We have then 

the functions ^,(d, /") Ixnng continuous, together with their partial derivatives 
of the first and second orders. By giving to and r all possible values, all 
points of all lines belonging to the pencil are determined. These points, de- 
pendent upon two parameters, fonn an extent of two dimensions which we call 
a geodesic utirfare. A geodenic surface is then defined as a pencil of geodesic 
lines. By the definition, the veitex of the pencil fonus a unique point of the 
surface. Whether or not any point of the surface may play this impoi'tant r61e 
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is at present undecided. We cannot in ikct assume that the geodesic surface 
contains any geodesic lines of space other than those of the pencil. 

3, Curvature, a. The Curvature of a Surface. Let there be given 
any surface 

.r, = ^,(^M0, (i=l,2,3) 

where u and r are independent variables and the ^^ are singled valued contin- 
uous functions with continuous differential coefficients of the first two orders. 
The line element of any line on the surface is found from the line element of 
space. There results 

ds^ = Edu^ -h 2 Fdu dv + Gdv^, 
where 

cu dv 

The properties of the surface belong to two distinct classes. The properties of 
the first class are those which may be deduced from a study of the line ele- 
ment just written, where Uy F, G are treated as functions of u and v, and no 
reference is had to their dei>endence upon x^ x^^ x^ ; while those of the second 
class depend upon the relations between w, ?; and .Vi,.r.2, x^. For example, if 
the line element of the surface is 

the surface may be a plane, a cylinder, or any developable surface, if it lies in 
Euclidean space, and may be something quite different in a non-Euclidean 
space, and the properties of the first class are those common to all these sur- 
faces. The distinction between the two classes of properties is often lost sight 
of in elementary presentations of the theory of surfaces, but it is of funda- 
damental impoitance to us, since the properties of the first class maintain their 
significance whatever may be the nature of the space in which the surface lies. 
We may accordingly use the results of the ordinary theory of surfaces, in so 
far as they concern these properties. To obtain the properties of the first 
class, we assume the line element of the surface, and define length, geodesic 
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liiKvs on tlu' .surtaco, and angle in a manner similar to that just employed for 
sjmee. Thus the equations of the geodesie lines are 

(/ r (hi (lin . r3 A' /flft\^ . cF flu dv c ^V^^'X*! 

f7.V L ^'•'* '/^J L^'' \ff^/ ^U (If* (In CU\ditJ J 

f/,K L ^'•** ^'•**J L?'* \'^^/ ^'* <'^ '^^ cr\fl,s/ J 

and the anjrle lK»tween two <reodesies is defined by the fonuula 

*•(£)■(£)"- 'tarc^^^' (:':)■(■';:)"] - '■■(;;o'(r:)" 

It should Ih' notieed that, if the surtaee is ronsitlcred as lyin«r in a given s|>ace, 
the geodesie lines on the surface are not in general gi'odesie lines of the sjmce, 
hut lengths and angles are the siinie whether nieu>ured on the surface or in sjia<*e. 
The pro|H*rties which may l>e di'duced for a surfai-e hy the dis<ussion of 
its line element depend largely upon the (piantity called hy ( iauss the mea,sure 
of curvature, or simply the vnriuttun,, of the surface. Tudc'r that tenn we 
understand a quantity /f, defined hy tin* relation 

I r c r F cF I c(i-i 

^FG - F' i^ LaV^V/ - F' '^ ~ VF(T^ F- ^i 

^ ^^' L)J Fd~- F' ^^" V >;7rir7^' cr aVa^<'' - f^ ?"J i 

With the geometric int4'iprctation of tlu- curvature as usually given on the 
hypothesis that the surface lies in Kuclidcan s|)ace we have nothing to do. For 
us, the "curvature" means simply the above expression, which is fully deter- 
mined when the line element of th<' surface is given, and may Ix' shown to be 
an invariant of the surface, that is, indc|M'ndent of the co(»rdinatcs chosen to 
define the surface. When /f is the same for all points of the surfice, the sur- 
face is said t^> be one of constant rttrrafHrf^. The impc»rtance of the eunatuiv 
lies in the two theorems : 

A nece^'^ftarf/ condifion that (wo portions of .surjim^s mat/ he hrotujht hdo 
pohit for poinf rorresj)(fndenre with i}ref<ervathn ofdiMonce {andhenre ofaivjle) 
is that theif havp the some mrratnre (ft ntrrespondinfj points. 
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If the two portions of surfacei^ are of constant curvature^ the condition is 
also sufficient. 

It follows that on any surface of constant curvature there exists a geome- 
try of geodesic lines which is independent of the portion of the surface consid- 
ered. 

Belti-ami* has shown that this geometry assumes different distinctive 
features according as the constant curvature is positive, negative, or zero. 

h. The Cui^atiire of Space, As we have seen, the coordinates of a point 
on a geodesic surface may be taken as (/•, 0). The element of arc of a geo- 
desic surface is then 

ds' = Edr'' + 2Fdr d0 -\- G d0\ 

where it is possible to determine more exactly the values of the coefficients. 

In the first place, if = const., ds = dr for all values of r, no matter what 

value may have been assigned to ^ ; hence ^ = 1. Secondly, the lines /' = .s, 

= const, arc geodesic lines in space and hence geodesic lines on the surface. 

d0 
Substituting the values E =},-=-= in the ecjuations of the geodesic lines 

we have 

cr 

and therefore F is a function of only. When /• = the quantities .I'l, .c.2, 
and x^ reduce to the coordinates of the vertex of the generating pencil, no 
matter what the value of 0, Hence 



From the fomuila 



^ = ^"'•^- dr J0 



it follows that (F)r=o = 0, and hence, since i^is a function of only, i^ = 0. 
The line element of the geodesic surface is therefore 

ds^ = d7'^+ Gd0^. 

* Saggio di interpretationi deUa geometria non-Euclidea, Giornale di mntematichej vol. 6, 
(1868), p. 284, c/. also, Bianchi, DifferentiaUjeometrie, p. 418 ff. 
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The oxprossion of the cun'ature reduees in thin ease* to 

The curvature is eonse(iueiitly a funetiou not only of r and ^, the coordinates 
of a point on the surface, but also in general of the coordinates of the vertex 
Oof the generating iwncil and of the directions (a^jOj, a^) and (iSj, /Sj, iS^) 
which fix the pencil, since the functions <^/(r, 0) depend ui)on these latter 
quantities. In particular, if A© is the curvature at O, it may Ik» shown that 

-^ _ J. Or/m 

" "" 2 («,7^'A.m - ^'im ^'w)o («t ^it ~ «Z A) («/ ^m - «,« ^/) ' 

where 

(e'A", /;//) = 

^^^ is tin* minor corresponding to a^t in the detenninant 

I f'li (fn ^'13 
^^ = I «12 ^/2« a28 

: ^'18 <fn ^'33 

the subscript denotes that the (expressions to which it is affixed arc computt^d 
for the j)oint O, and the sununation is to be ext<Mided over all i'ombinations 
of the value-pairs i, Zand /, >/^ for which / < k, I < fn,* 

The (juantity Kq is called by Kiemann the measure of nimtture of the 
space in a given point and in a given surface dir<»ction. This curvature varies 
in general from point to point in space, and also in a given point is different 
for the dilfercnt geodesic surfaces which })ass through the point. In case /i^is 
constant, the sjmce is said to be one of constant curvature, A space of constant 
curvature is accord inr//// one in which the curvatures of all f/eot/esic surfaces 
computed for the vertices (f the generatimj pencils are the same. 



* Cf. Dedekind-Weber, Z. c. also Schnr, Math. Antialen, vol. 27 (1886), pp. 542-661. A 
shorter derivation involving the use of differential invariants and Chrlstoffers symbolic expres- 
sions is ^ven by Bianchi, l. c. p. 671 ff. 
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From the expression for Kq it follows that the necessary and sufficient 
condition for a space of constant cun-ature is that the quantities an. should 
satisfy identically the relations 

(/A-, Im) = Iu(aiiaf,„, - «,,„««), 
where /f© is a constant. 

4. The Third Hypothesis. Wc shall define a dvvplacement as any 
transfoi'mation by which a continuous portion of space is brought into a contin- 
uous point for point coiv*espo7idenc€ either with itself or with some other portion 
of space in such a manner that the lengths of corresponding jyortions of lines 
are the same. 

Let S be any portion of space in whicli the coordinates of any point P 
are {x^, x^, a^), and let aV be a portion of space in which the coordinates of a 
point P' are (.rj, X2, 3^3). Let the line element in aS be denoted by 



ds = V 2a^. dXf dxf. , 
and the line clement in S' by 



ds^ = yJ'La'ij.dx'idx'j, , 

where a[j^ denotes the value of a,x. for (.xi, ajj, a^J)* ^^ order that 8 may be 
displaced into S\ it is necessary and sufficient^ that 

ds = ds' 
by viitue of relations of the form 

'^i = ^ii^ly ^'29 ^i) y (2=1,2, 3) 

where the <^,- are continuous functions of (a^i, Xj, icj)* possessing continuous 
first derivatives, and establishing a one-to-one relation between the points of 
8 find S'. 

From this follows 

./ - T/, ^*' ^^'^ 
,« ax;. dXf. 

Any displacement transforins geodesic lines into geodesic lines^ and geo- 
desic surfaces into geodesic surfaces. 

The first part of this theorem follows at once from the definition of geo- 
desic Jines. To prove the second part, we notice that 
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tjjii V^ dif>i du'i ds' V^ d<f>i dx\ 

77^ ^ V a^ 77? f/;< " V a7{ 77^' ' 



Hence, if (aj, aj, a^) is the diivrtion of a *rood(»sic line at a i)()int O, and 
(a(, 02, a,) the direction of tlu* corresponding line at O', 



2 (;*;).«'■ 



Since this relation is linear, a pencil of geodesic lines uith its vertex at O is 
transformed into a pencil of freod<»sics with the vertex at O'. 

lender (intf disp1are}iient the autjlehefweeii ftro t/codef<ir Ihies in et/rud to the 
correspond in (/ anffle between the two ror responding/ tjeodesir fines. 

For let 0^1 and OB he two ireodesic lint's intersecting at O with the direc- 
tions («!, ao, a^) and (/8j, yS^^ ^i) respectively, and let O'B' and (/A' he the cor- 
responding lines with directions (aj, a^, ai) and (/SJ, yS.^, /SJ). Then if is the 
angle between OA and 0/^ and 0' the angle Ix^tween 0.1' and ()/i\ 

a- 

z= 2r/;„,a;a; = cosd'. 

To remove the ambiguitv involved in the det/crmination of an angle fnmi 
its cosine, and at the same time to define corresi)onding angles, we ma>' con- 
sider first the case in which OB coincides with OA. Then O'/^' coincides with 
O'A' and we may take = 0' = i). Let now OB change its position contin- 
uously, the i>oint O being fixed ; tlien vari(»s continuously, attaining a final 
value which we call the angle A OB. At the same time Vi^' changes its posi- 
tion continuously, always corresponding to OB, and 0' varies continuously 
from zero to a final value A'UB, which is the angle corresponding to AOB. 
Since at all tunes cos d = cos^', and at the (mtset — ff, it follows that 
AOB = A'(yB\ 

The possibility of the reversal of the direction of the angle is not excluded, 
and it seems unnecessary at this point to introduce a distinction between dis- 
placements which do not reverse t\\v direction of the angle and those which do. 

The existence of displacements is by no means lunessarv in a general 
space. This is to be si^i^n by comparing the similar problem in connection 
with surfaces. A displacement on a surface may bt* carried out by bending 
one portion of the surface upon another portion without tearing or stretch- 
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ing. It in clear that surfaces exhibit widely different possibilities in regard 
to such bending. It niay also be seen that the displacement of a portion of 
a surface and of the entire surface, are different problems. Take, for example, 
the ri^ht circular cylinder in Euclidean space. If a point on the cylinder is 
fixed, the cylinder as a whole is immovable, but a restricted portion of the 
cylinder around the fixed point is easilj' bent upon itself. 

The existence of displacement*^ in space is consecjuently the subject of a 
new hypothesis. 

Third IIypotuksis. If' P is a/if/ point of apace, if nhaV he poafiihle to dis- 
jdace a reHtrictetl portion of t^ace Hun^oundiny P uj)on it^^elf in such a manner 
that any tiro yeodemc fines through P shall correspond to any other two geodesic 
lines through Py provided only that the two latter lines make the saine angle 
with each other as do the former fines. 

By such a displacement, the point P remains fixed and an}' two geodesic 
pencils with their vertices at /^ may be brought into point for point correspond- 
ence with preservation of distance and angle. Hence {cf §v^, a), the geo- 
desic surfaces fonued by the two pencils nuist have the same curvature at 
corresponding points and in j)articular at J^. The quantity Kq of the previous 
article must therefore be independent of (ai, a^, ag) and (/9i, ^8^, ^3). Now 
Schur has proved (/. r.) that when the curvature of space is constant at each 
point it does not change as we pass from point to point. Hence /fo must also 
be independent of the coordinates of O. AVe have therefore the theorem : 

In order that the third hypotheJ<is shall be met, it is necessary that the space 
he one of constant curvature. 

In the next pamgrnph we shall show that in a space of constant curvature 
the hypothesis is always met and that furthermore there exist displacements 
by which any ])oint P may]|be tmnsformed into any other ])oint P'. 

5. Normal Form of thejLine Element. Let the line element 

ds^^-Laa^dXidx, (i) 

belong to a space of constant curvature A*^, where A* mav be zero, real, or pure 
imaginary. It is then always possible by a change of coordinates to reduce 
the line element to Riemann's normal fonii 

,7,2 _ 'hi +diA + dyl 



[i+|Vi +//* + //»)]' 
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This we will assume without proof.* If now k = 0, the form (2) is as simple 
as possible. Assuming for the present that k is not zero, we shall proceed to 
find another form for the line element. For that purpose, we shall first make 
the substitutions 

2u 2r 2?r 



!h 



!h = 



where m, ?;, v\ and ( are connected by the identity 

1 + kHn'-\- r« + ?/'«) =r^. 



^+1' 



We have then 



(Is* = 






(3) 



(^) 



{^) 



Finally let us introduce j; >/, and z defined by the relations 



u = J. tan kx, 
V = Tsee kx tan ki/, 
ir = jSQckx tsec ki/ tan kz 
( = siH'kx svcky si'vkz. 



(6) 



It is readily seen that, if («o» ^'o» '^'o» ^o) ^^ «^"y ««t of values satisfying (4), and 
if (6i, 62, 63) and {xq, i/qj Zq) are the corresiwnding sets of values of (t/u yi» ^s) 
from (3) and (x^y^z) from (fi) respectively then the points (h, r, w% ^) that 
lie in the neighborhood of (mqi 'o» ^^oi '0) ^^^ satisfy (4) are transformed by 
(3) and (6) respectively in a one-to-one manner and continuously on all the 
I)oints (yi,//2, //a) and (x,t/,z) r<'spectivoly that lie in the neighborhood of 
(/>ii6«, 63) and (xo^f/o/zo). 

The line element now bikes on the }fon)ial form 

fls^ = C()sVi-2(cos«A-y <lx^ -f- df) + dz^. (7) 

If ^ is pure imaginary, the functions in (G) and (7) may be written as hyper- 

* This form Is given by Riemann withoat proof. It is proved by Dedelcind- Weber (I. c.) 
on the assumption that the geodesic surfaces are of constant curv^ature. Since this assumption 
has been shown by Schur (2. c.) to be warranted, the proof is valid. 

A proof has also been given by Lipschitz in connection with extended investigations on 
the properties of differential expressions; Crelle, vols. 70, 71, 72 (1869/70). 



Digitized by 



Google! 



SPACE OF CONSTANT CURVATURE. 



89 



bolic functions and the use of imaginaries obviated. We shall avoid duplica- 
tion of our work, however, by using (6) and (7) as they stand without regard 
to the reality of k^ but it may be noticed that k always appears in such com- 
binations that the resulting expressions are real. 

The differential equations of the geodesic lines {A) become, after a few 
easy simplifications, 



d^x ^, ^ , dx du ^, ^ , dx dz 

-rr-s = 2Atan *//-= 7^ -h 2k Xsmkz^- ^- , 

dir ds ds ds da 

^^*'/ ^1 . 1 ^^y ^J^ 1 1 ' 1 /dx\^ 

^-4 = 2A'tan A'^ -^ -^ kcoskt/ sm ki/[ -j- 1 , 

ds^ ds ds • "^ \ds ) 

'^ = -^co.sA..sinA-z[cos^/-y(^)'+ (g)"]. 



(8) 



The Coordinates (x*, y^z). The coordinates {jb^ y, z) introduced analytic- 
ally by equations (3), (4), ((>) are analogous to Cartesian coordinates. For, 
we can see by inspection that all lines of the tiiree types : 

(a) X = const., y = const., z = s 

(b) X = const., // = «, z = Q 

(c) .7; = s. If =0, ^ = 

satisfy equations (8) and are therefore geodesic lines. In particular, the three 
lines (a; = .s, y = 0, 2r = 0), {x = Oy f/ =^ s, z = 0) and (x = 0, // = 0, z = s) 
form a set of three mutually perpendicular geodesic lines intersecting at O. 
We will caU them OX, 01^ and OZ respectively. Consider now the surface 
z =i 0. We shall have geodesic lines lying on this surface if we place z = 
and take f/ and x as solutions of the equations 

dyx ^, ^ , dx du 

— - =z 2 A' tan k y -7 7^ , 

t ."? ds ds 



(Py 
Js^ 



= — k cos kt/ sin ky ( -=— 



dxy 



) 



which result from placing 2: = in (8). These equations, however, are the 
same as those which we obtain by applying to the surface 2 = 0, in which the 
line element is 

ds^ = cosU-y dx^ + dif 



Digitized by 



Google 



90 w<M>ix'<. 

the e(]uations of the geodesic lines on any surface, as given in §3, a. That 
is, the shoi-test line which can be drawn on the surface z =r,i) connecting any 
two points is also a geodesic line in s|)ace. Hence the surflwe r = is a geo- 
desic surface, any l>oint of which can be taken as the vertex of a generating 
pencil of geodesic lines. In imrticular the surface is the geodesic surface 
detenuined by OX and O^and may pro|M*rly Ik* called the surface XOV, 
Similar results may bi* obtained for the surfaces // — and w ~ 0. 

Let now ('o^/Zo'^O ^^' *^"y l)oint on XOY, Any geodesic line on XOY 
through this point has then the direction (aj, /Sj, 0), where d\ vos^kj/Q -|- /Sf = 1. 
Any line of type (a) passing through ('o'/Zin 0) •"i'^ the direction (0,0, 1). 
Hence the lines of type {(t) are jK»rpendicular to the pencil of geodesic lines 
on XOFthrough th<» point in which ((t) uicet A'O >', and arc therefore perpen- 
dicular to XOV. Similarly tin* lines of tyiH' (ft) lie in A'Ol'and ai*e per- 
pendicular to OX. The only line of type (r) is OX. It follows then that if 
we measure along OA'^the distaiu'c .*:o, from the point thus reached measure 
along a geodesi<* line j)erj)en(licular to OX the distance //o, and from the point 
thus attained measure along a geodesic* perpendicular to XO V the distance 
2:,) we reach a point with coordinates (.t'o* //o* -,))• Thus every point (.''o, //o» ^r©) 
lying in the neighborhood of the point (0, 0, 0) can Ih» reached along one of 
the paths just described, and along but one such path. As si conscijuence of 
the foregoing we have the theorem : 

ThroHfjh ant/ point P If/ftif/ in tho nt^ufhftorhootl of (he point x = f/ = z =i) 
one perpendicular to Ihf^ (/eofJ^sir s fir fare XOV am he drawn (tnd, if we re- 
([uir^ the perpendicular to lie wltolhj in the neighborhood of (he above pointy 
hut one. Frotn any auch point P If/intj in the tjeodesic surface XOY one per- 
pendicular to the f/eodesic line OX can he drawn trnd^ tnider the mine restrict 
tion as before^ hut one. 

To sum up then : The coord iufde st/sfem (.'*,//, z) inrolves three ntutualltf 
perpendicular (feodesic lines OX, OY, OZ intersectinff a( O, (tnd de(erminin<f 
three geodesic surfaces XOY, XOZ^ YOZ. The coordinates of a point P 
are determined hij takimj a yeodef^ic line through P perpt^ndicular to XO Y 
meeting it at 3/, and from M drawing a geodesic line in XOY perpendicular 
to OX meeting if at X. The lengths of the lines OX, XM, MP are then .v, y 
and z rei^pectivehj. 

For the sake of symmetry the three geodesic lines and the three surfaces are 
specified. Practically only one surface XOY, one line OX, and the point 
are needed. 
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6. The Equations of the Geodesic Lines and Surfaces. To ob- 
tain the equations of the geodesic linos we need to integrate the differential 
equations (8), having regard to (7), or its eciuivalent, 



1 



= >.o..<.,.»..,(g)%..,„U.,(^)%(|)'. <») 



This may be done by considering the functions derived from ((>), 

f '' ^ • / 7 / / 

^ = = y- sin A\>; cos A* // cos h'z,' 

I n 

r 1 



r sin k'f/ cos k'z^ 






(10) 



By liiioiir ••oiuljinatioiis of (><) aiul (5>), wo may <)l)taiii the o<|Uuti<>ii.s : 



'/*! 



</.s 



-. + /.•*f = o. 



as- 



(") 



To verify this it is only necessary to multiply eciuations (8) and (il) by 
the undetei-niined factors X, /x, v^ p, to add, and to compare the results with 
equations (11), written out in tenns of .>*, y, 2 and their differential coefficients. 
The values of the nmltipliers are then ea,sily found. J fence anij i<olution of 
equations (8) which natisjies (9) antlsJiPH also (11). 

C'Onversely, equations (8) may be expressed as linear combinations of 
(11) and ([)). Hence ant/ solution of (W) irh ich satisfies ( 9 ) also satisfies ( 8 ) . 

The general solution of (11) is 



^ — ^ sin^.s -f Bi cos/'.v, 



.1, 



- sin/i'.v -I- /y.2 cosA%s', 



.1 



f = " sin/i*N + 7^3 cos /•.'<. ^ 



(12) 
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It is necessary to choose the constants so as to satisfy (9). The direct sub- 
stitution is difficult, but we may proceed indirectly as follows. We notice first 
that (4) ^ves us, as a relation which t must satisfy, the following : 

f* + v* + ?* = p - ^i. (i») 

Furthennorc, (9) is o<|uiYalent to (5), and the latter may be written : 

f^)^(£)*-(;^)"=>-;rl.Q' 

Any solution of (11) is also a solution of 

f ^7^ + >» ;7^ + ?,7^ + ^•^(^ + '?' + 5*) = 0. 
which is the same as 

» '> - "' - «-[(rD*- & &)'] * ''<^ -'*-« = "■ 

Hence we «ret from (KV) and ( 14), as a necessary condition for /, the equation : 

ds\f ds) " \t ds) ^ ^ • 

From this 

^ (It , . , . 

- — = Atan A(.v + w), 

t dfi ^ 

where a is the constant of integration. No generality is lost b}' taking f/ = 0, 
since this amounts to denoting by s the length of the arc measured from a par- 
ticular point, plus a constant ; or simply, as will appear later, to measuring 
the arc from an arbitrary point. Placing a = and integi'ating the last equa- 
tion we have 

t = c sec Ih (15) 

as a necessary condition for the form of the function t. 

It follows from the foregoing that, if the etjuations (12) are to satisty (9), 
they must be consistent with (15). Comjmrison with (14) gives as necessary 
relations between the coefficients 

A\ + Ai + ^^ = ^ + 1c\li{ JtBi+ Iff,) = 1, 
[to be continukd.] 
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Conversely, if the seven constants Ay B^ and c are merely so chosen as to sat- 
isfy these three relations and / is then determined by (15), the functions 
1, 17, f will satisfy (14) and hence x, y, z ynW satisfy (9). 

By multiply inf? each of the equations (12) by (15), and placing ^c = a<, 
B^c = 6^, we have the theorem : 

The eqiicUions of any geodesic line may be put into the form 



u = -J tan ks -|- 6,, 
k 

V z= J- tan kt< -h 62, 

/r = ^ tan *« -h 6», 
f z=. c sec A"/*, 

where the constants are connected by the relations 



(16) 



a? + a? -f «8 = 1 + k^{b\ + b\ + ^,) = <?,' 



(17) 



and, conversely J any equations of the form (16) tt-Aere the constants satisfy (17) 
represent a geodesic linCy if they are satisfied by any points lying in the space 
under consideration. 

It is important to know that to any geodesic line corref<ponds only one set 
of the above constants, except that all the signs of aj, a^y a^ and c may be changed, 
and conversely. For, a geodesic line is completely determined by a point 
(35o» yo» ^0) on it and a direction (a, )8, 7) , where the signs of all three of the 
quantities a, )8, 7 may be changed without altering the line. Then s^y the value 
of « corresponding to (Xo^yo^^o)* is determined by 

tan A?«Q = a tan A;a?o + fi tan ky^ -f 7 tan kz^, 

which is obtained by differentiating the last of equations (6) and (16). The 
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value of Sq is unique within restricted portions of space. The value of c is then 
determined by 

c sec kSfi = sec kx^ sec ki/Q sec kzQ^ 

and the values of aj, o^, a, are found by differentiating the first three of equa- 
tions (6) and (16). These latter values depend linearly on «, )9, 7. Finally 
hijb^yb are found from (6) and (16). In this way all the constants are 
uniquely determined. The converse is proved by noticing that if the equations 
(IH) are given and if, in conjunction with (6), they determine a line lying in 
the space under consideration, the direction of this geodesic is uniquely deter- 
mined at any one of its points, and therefore the geodesic is unique. No curve at 
all results from the equations, however, unless at least one point (Xo, y^, z^) within 
the space considered satisfies the equations. 

The equations of the geodesic line are readily written in terms of any 
point upon it. For, let Uq, Vq, Wq correspond to any such point and let«o be the 
corresponding value of x. These values determine 6 » &i, frg and the first three 
of equations (16) become 

a = * (tan kit — tan *«©) -I- ^'o* 

r = -^ (tan ka — tAn k^) + Wq, V (19) 

w = ^ (tan ks — tan ka^) + w^. 
These are of the form 

C| ~ c, " c, * 
Conver»elyy any equations of the form 

u — u^ _ r ^ Vq V " Wo 

when f^o, Vq, Wq correspond to a point (x©, y©, Zq) of space ^ determifie a geodesic 
line. 

For, the equations may be written 

u — (mq -h \ci) V — (Vq -h Xcg) M? — (w© + ^Ci) 
pc^ " pc^ ~ pc^ ' 
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where X and p are undetermined multipliers. If we place 

Oi = pci^ hi = ?/o + Xci, 

ayiz= pc y h, ^ «<?o H- ^c,* 

determine X and p by (17) and substitute the values of a, b thus obtained in 
(16), we see that the geodesic line thus defined coincides with the given 
locus. 

To obtain the equation of the geodesic surface, consider a pencil of geo- 
desic lines with its vertex at (%> ^o' ^o)- Since the constants C|, Cg, Cg of the 
last theorem are connected with the coordinates a, )9, 7 of the direction of 
the geodesic line by linear relations, the pencil has the equations 

w — Wo V — Vo w — w^ 



where ci, c(' etc. ai'e constants. The elimination of \ and fi gives a linear 
equation 

lu -h mv -h 7iw -f ^ = 0. 

Conversely, let any such linear equation be given, which is satisfied by at 
least one point (^o* ^o> ^0) of the space considered. The necessary and suf- 
ficient conditions that a geodesic line 

U — Uq V — Vq W — Wq 
Ci C2 Cg 

should lie on the corresponding surface are that 

luo -h mvq -h nwQ -I- ^ = 0, 
Ici -h wcg -h MCg = 0. 

The first condition means that the point (u^, Vq, Wq) lies on the sur&ce. The 
second is satisfied by 

where c{, cj, c^ and c^', 4'* ^*8 *re any two sets of values which satisfy it, and X 
and /i are variable parameters. From any point of the surface, therefore, ra- 
diates a pencil of geodesic lines lying wholly on the surfece. Moreover, it is 
easy to see that any point of the surface within a restricted region about the 
vertex of the pencil is reached by some line of the pencil. To sum up : 
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Any geodesic sutface is represented by a linear equation in uj v, w ; and^ 
conversely, any linear equation in u, v, w represents a geodesic surface, if it 
represents anything at all in space. 

Any point of a geodesic surface may be taken as the vertex of a generating 
pencil of geodesic lines. 

The forms of the equations of geodesic lines and surfaces are the same as 
those of straight lines and planes in Euclidean geometry. They have, there- 
fore, in common with straight lines and planes those properties which may 
be deduced from the forms of the equations. In particular we note the fol- 
lowing : 

Theorem 8. Any three points not in the same geodesic line and lying in 
a restricted portion of space determine a geodesic surface. 

Theorem 9. If two points on a geodesic surface are connected by a geo- 
desic line, the line lies wholly on the surface. 

Theorem 10. Any tvjo geodesic surfaces intersect in a geodesic line if they 
intersect at all, 

7. Displaoeinents. We shall now show that our space satisfies the 
thii"d hypothesis. 

For that pur|X)se it will be convenient to introduce an auxiliary space, 
which shall Ix^ Kuclidean in its pro|M<!rties and in which u, r, and w shall be 
the rectangular ('arU»sian coordinates of a |K)int. This auxiliary space we shall 
denote by S\ while the spai*e of cx)nstai)t curvature, whose properties we are 
investigating, we shall call S, The <|uantitios (/, r, w have then a double 
interpretation ; on the one hand, in S, the}'' are defined by (6), on the other 
hand in S' they are ordinary Cartesian coordinates. We thus establish a point 
for point correspondence between S and S' by which geodesic lines and sur- 
faces in 8 corr(\spon(i respectively to straight lines and planes in S' . 

We proceed now Uj ask what coiresponds in S' to the geodesic distance 
between two i)oints in S. For that purpose consider the equation of a geodesic 
line in the form ( lf>) and let A and B be two points upon it, to which coiTespond 
respectively the values Si, Mj, v^, Wi and «j, ?/^, v^, ic^. Then the geodesic dis- 
tance between A and Z? is j^j — «j. From the equations of the geodesic line, 
with regard to the relations (17) which connect the constants, we readily 
compute 
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k*(UiiL^ -f VjVj -f Wi7v^) + 1 = c*(tan Jcmi tan ks^ +1) 
*8(t^; ^- vj + tff\) ^ 1 = (^^seo* *.si, 

A:* (i4 + Vj + M^a) -f 1 = c^ sec* *«„ 
whence follows 



COS («, — /Ji) = 



VA:«(wi + i;? + w7f) + 1 VA:«(t4 + i;| + w;|) + 1 



This formula which we have obtained in S has a good significance in S', 
For let us take in S' the quadric surface 

as the fundamental quadric in a Cayley system of projective measurement. 
Then, if itf isthe distance between two points (wj, Vj, Wi) and (wj, v,, t^;,), we 
have, in accordance with a well known formula of projective geometry, 

^'*(w u^ + Viv, + Wiw^) -h 1 

cos i« = ^ ' 



>/J(^(u\ + vj + U7f) + 1 VA'(t4 + vj + w^i) -h 1 
and hence 

3/ = «2 — «i. 

Hence we may say : If we adopt in Sf a system of projective measurement 
referred to the quadric surface 

k*(u^ + v^ + w«) + 1 = 0, 

then the geodesic distance between two points in S is equal to the projective dis- 
tance between the two corresponding points in S'. 

Now in order that we may obtain a displacement in aJC it is necessary and 
;sufficient that we find a continuous one-to-one correspondence between the 
points of S by means of which geodesic lines go into geodesic lines and the 
length of any portion of a geodesic line is unchanged. That these conditions 
are necessary^ wa.s shown in §4; that they are sufficient may be shown by 
considering the line element as the length of a geodesic line between two in- 
definitely near points (x, y, z) and (a* + dx, t/ + dy, z + dz). 

To any displacement in S corresponds accordingly a transfonnation in S' 
by which stmight lines go into straight lines and the projective length of any 
portion of a straight line is unchanged. 
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The projective geometry teaches that the transformations with these prop- 
erties are the collineations of which the quadric surface 

A« (w» -h t^* + «^) + 1 = 

is an invariant. Accordingly we may say : 

The dispUicements in S correspond to the coUineatiotui in ^V of which 

Ar«(ti« + tt« + ir») + 1 =0 

is an invariant ; and conversely. 

These collineations are readily written down. They are 



Si tt -h Sj ?' + Sg w + S4 
S| ti -f 5f t^ + S3 f^ + £4 

w = 



(18) 



Mii^) 



Si w -f Sg V 4- S, ?r + S4 

where | «i )3s 7^ S4 1 ?e 0, and the sixteen constantn are connected by the ten 
conditions : 

a,a* + A)8* ^. 7,7^ + S,8» = 0. (1, A = I, 2, 8, 4 ; t ^ A) ] 

We now need to show that the displacements (18) satisfy the demands of 
the third hypothesis. To prove this directly we might show first that the 
angle between two geodesic lines in /9 is equal to the angle between the corre- 
sponding lines in 8\ provided the latter angle is measured with reference to 
the quadric sur&ce 

i^(ti«-f r«+ ir^ + 1=0. 

We might then show directly that the third hypothesis is satisfied in 8\ 
and hence in 8. But this method would demand extended reckoning. We 
shall choose an indirect method and shall show first that the third hypothesis is 
satisfied in a particular point, the origin, and shall then show that it is conse- 
quently satisfied in any point of space. 

Consider then the origin. The origin is unique in our system of coordi- 
nates because there, and there only, the angle between two intersecting geo- 
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desio iitiea in S is equal to the Euclidean angle between the two corresponding 
straight lines in S'. 

To show this, consider a geodesic line in the form (16). If this line goes 
through the origin with the direction (fi> fa, fg), we have by applying the 
methods of p. 93, 

jifi^ 0, 6, = 6, = 63= 0, 

«i = fl» «2 = f«> «s = f»> c = ± 1. 

The equation of §2 for the angle between two such lines becomes 

COStf=flfl-hf,f^-hf8« 

= «! a/ -f a, oi -h Oj oi. 

The corresponding straight lines in 8^ are 

u V w 

tti O) Og 



and 






U V w 






whence, 


if <^ 


is the Euclidean ] 
cos^ 


Eingle between them, 

= ai a; + a, oi -h a, a; 
= cos 0. 






With proper 


conventions as to 


corresponding angles. 


we 


have 








<l> = 0. 







Consider now a displacement in 3 for which the origin is a fixed point. 
From (18) and (19), it will correspond in aS^' to a collineation of the type 



u' = aiU -I- ojt; + a^w, 



(B) 



where 

a?^/3;-h7J=l, (1=1,2,3) 

a,a*-h)8<A-h7,7^ = 0. (t, A =1,2, 3; i :^ h) 

This is a Euclidean rotation about the origin, or a rotation combined with 
a reflection on one of the coordinate planes, according as I'l/SsTsj = ± 1. 
We shall use the rotation only and shall denote it by (22) . Let now OK and 
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OL be any two geodesic lines in 8 intersecting at the origin and let OM and 
ON he any two other lines, such that the angle KOL eqoab the angle MON. 
We wish to show that there exists a displacement hy which OK becomes OM 
and OL becomes ON. 

In 8^ we have four corresponding straight lines O'K', 0*L\ 0'M\ O'N^ 
such that the Euclidean angle E^O^L' equals the angle M'0'N\ Now there 
exists in 8* a rotation (B) by which O^ FT' may be brought into coincidence 
with OM/' and OL' with O'N', This is a well known fact which of course 
has its analytic proof. Hence we conclude that the required displacement 
exists in 8. 

The third hypothesis is accordint/ly satisfied cU the origin. 

We shall now show that the hypothesis is satisfied at any point of space. 
Let P be any point of 8 and PJT, PL, PM, PN four geodesic lines such that 
the angle KPL equals the angle MPN. We wish to show that there exists 
a transformation of type (18) by which PK goes into PM and PL into PN. 
Among the transformations (18) then» are y^ transformationn bv means of 
which P goes into O, Take any particular one of these, no matter which^ 
and call it T. I^t PK, PL, PM and PN become OK^, OL^, OM^ and ON^ 
by means of T. Then the angle KiOLi equals the angle MiON^, since all 
displacements preserve angles. Then there exists, as we have seen, a dis- 
placement Jii by which Olii goes into OJ/j, and OLi into OiVj. I^et T"' be 
the inverse transfonuation of T. Then, if we carry out in order the trans- 
formations T, /?,, and T""^ we have a transfonuation which transforms PK 
into P3f and PL into PN. Moreover, this transformation is of type (18). 
This follows geometrically from the tact that all the transformations we have 
used are eollineations of which 

k^(u^ + V* -h ir«) + 1=0 

is invariant, and ( 18) is the general form of such a collineation. 

Hence the third hypothesis is satisfied in any space of constant curvature. 

We are accordingly justified in proving general propositions by taking 
the lines involved in any convenient position. We may, for example, apply 
to any geodesic line, a result already proved for the line OX and may state 
the following theorem : 

Throrem 11. Within a properly restricted portion of a geodesic surface, 
one and only one geodesic line can be drawn perpendicular to a given geodesic 
line from a point outside of it. 



Digitized by 



Googl^ 



SPACE OF CONSTANT CURVATURE. 101 

Oorollary. Within a properly restricted portion of ^ace^ one and only 
<me perpendicular can be drawn to a geodesic surface from a point outside of U. 

8. Spaoe of Zero Curvature. If A; = O, Riemann's form of the line 
element in 

ds^ = dx^ + dy^ -f dz^. 

The coordinates of the direction (fi, ^2* fs) o^ * geodesic line are connected 
by the relation 

?! + r« + r. = 1 

and the angle between two geodesic lines is given by the formula 

cos« = f,fj4-f2r2 + fsft. 
The differential equations of the geodesic lines are 

^-0 ^-0 ^-0. 

The general equations of the geodesic lines are, therefore, 

X'-bi ^ y — ^2 ^ g — ft g 
«! a« Os 

where a} + a| -f a| = 1. 

The equation of the geodesic sur£Btces is 

Ix + my + n^j + J) = 0. 

It is evident that the coordinates Xy y and z are equivalent to u, v and w 
of the previous paragraphs, and that Theorems l-ll still hold. In addition we 
may deduce a theorem relating to the angles of a triangle which is peculiar to 
a space of zero curvature. Before stating the theorem, however, we need to 
make the conceptions of a triangle and of the angles of a triangle precise. 

If we select, in the region in which Theorems 1-11 hold, an^^ three points 
not in the same geodesic line, we may connect them in pairs by geodesic lines 
and pass a geodesic surface through them. The geodesic lines lie then on this 
geodesic surface, and the portion of the latter bounded by them we call a tri- 
angle. The tiiangle divides the points of the surface not lying on its sides into 
two classes, interior and exterior points of tbe triangle. 
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y- ■ To remove the ambiguity inherent in the determination of an angle from 
the formula above given, we may make the following convention as to the an*- 
gles of a triangle. If the vertices of the triangle are A^ By and (7, the angle 
at A shall be determined by considering the geodesic lines which radiate from 
A and enter the triangle ABO. If now a variable line is considered to start 
from coincidence with AB and take successively the positions of all these lines 
until it coincides with AO^ the angle made by the varying line with AB 
varies continuously irom zero to a final value A^ which we call the angle A of 
the triangle. We may now state the theorem : 

Theorem 12. Within a properly restricted region of a epace of zero cur- 
vature^ the sum of the angles of any triangle equals ir. 

It will be sufficient to prove this theorem for right triangles, for any tri- 
angle may be divided into two right triangles by dropping a perpendicular 
from any vertex to the opposite side, and if the theorem is true for the two 
right triangles thus foimed, it is evidently true for the original triangle. 

Consider the geodesic surface z = 0, and a point A of which the (xyz)- 
coordinates are (0,^, 0), where jp is positive. liCt A and (7(0, 0, 0) deter- 
mine a geodesic line, On which the direction AC is that of the increasing s. 
Then the direction of AC is (aj = 0, a, = — 1, a^ = 0). 




Consider now a moving geodesic turning about A continuously in one 
direction, thereby fixing the angled between AO and AP. By Theorem 1, 
this line will meet (7Xat the beginning of its motion. For convenience we 
take the direction of motion to be such that AP meets (7Xonthe positive side 
of the origin. Let AM be the first position in which the moving geodesic is 
perpendicular to AO. If the direction of the increasing s is always taken 
from A, the du-ection of ^ilf is (/8, = 1, /8j = 0, /8g = 0). Then the direc- 
tion of AP is 

^ =r «| COS d -f A sin 5 = sin 0, 
(% = m^ cos 5 + ySj sin 5 = — cos 0, 
f J = «, cos tf + /8, sin tf = 0, 
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and hence the equations of AP are 

a; = «sin5, 

y =: -^ s cos + p^ 

^ = 0. 

Let now AB be a line AP which meets (7X, and let B be (0, y, 0), 
where, by the conventions made, q is positive. If we denote by A the angle 
OABy we have from the equations of the line 

tan^ = ^. 



Similarly we may show that 

tan5 = ^ 
9 



and hence 

cot^ = tan A. 

Since p and q are both positive, and A and ^ are both acute angles, 

The angle (7 = ^ , and hence we have A + B -{• O = iTytka was to be proved. 

As has been repeatedly said, the theorems so far obtained have beeu shown 
to be valid only in a region in which there exists a one-to-one relation between 
the points of space and the coordinates (x,y, z). It ia, however, possible to 
demand that this relation exist for the entire space and all possible values of 
the coordinates. In this case we have 

Euclidean Space. 

Here all the theorems so far deduced hold without restriction, and we have 
in addition two others of interest. 

Theorem 13. In Euclidean space every geodesic line is of infinite length. 

This follows at once from the form of the equations. 

Theorem 14. On any geodesic surf ace in Euclidean space^ one and only 
one geodesic line can be drawn through a given point parallel to a given geodesic 
line ; any other geodesic line through the point intersects the given geodesic. 

We define parallel lines as follows : A geodesic line through a given 
point is said to be parallel to a given geodesic line, when it is the- limit ap- 
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proached by a geodesic line through the given point interaecting the gifea 
geodesic, as the point of intersection becomes indefinitely remote. 

The truth of the theorem then follows from the equations used in proving 
Theorem (12). We had there 

. tan ^ = ? . 
P 
As. the point B recedes indefinitely in either direction, the angle A approaches 

^ , and the parallel line is A M. Any other value of A determines q when p 

is fixed. 

These fourteen theorems form the groundwork of Euclidean geometry. 

Euclidean space is not however the only conceivable space of zero curva- 
ture. A systematic investigation of all possible cases seems to l)e yet lacking, 
although the general lines on which such an investigation would proceed have 
been marked out by Klein and some of the problems have been attacked by 
Killing.* We will content ourselves with mentioning three possibilities. 

First, we may suppose that to all points with coordinates {x + n| C| , 
y + ^jCj, 2? -f- njC,) where Cj, Cj, c, are constants, and ni, /t^, n^ are any posi- 
tive or negative integers, shall correspond the same point of space. Such a 
conception presents no difficulty, at least analytically. Our space is then rep- 
resented point for point by the interior of a rectangular pnrallelopiped in 
Euclidean space, the lengths of the edges of the parallelopiped l>eing c^, c^and 
C) respectively and the opposite faces corresponding point for point with one 
another. For any portion of space lying within this pamllelopiped, Theorems 
1-12 hold, but Theorems 13 and 14 are not always true. For, the lines 
(X = const., y = const. ),(y= const., z = const.) and (2; = const., x= const.) 
are certainly finite in length, and for these lines the theorem of parallels 
ceases to hold. Moreover triangles may be constructed within the entire space 
thus defined for which Theorem 12 is not true. 

Two other examples of spaces of zero curvature may be derived from the 
preceding by considering that one or two of the edges of the parallelopiped 
are indefinite in extent. 

9. Spaoe of Constant Negative Curvature. If A; = ifR where R 
is a real (juantity, the space is one of constant negative curvature, — 1/^. 



* Klein, Ualh. Annalen, vol. 87 (1890) p. 644. 
Killing, Vbid, vol. 89 (1891) p. 267, ftnd Qrundlag%n der Geotnetrie, vol. 1, chap. 4. 
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The element of arc may be written 

d«* = coBh*-5 cosh*-— dx^ + cosh*-^ rfy* + d«*» 

and the functions u» v, to, ^ are 

u ^ R tanh -^5 , 

V = R sech ^ tanh -^ , 

w = ^sech-^ sech-^ tanh-^, 

li £1 M 

t = sech -^ sech -^ sech ^ . 

To any set of real values of {x^ y, z) correspond then one and only one real 
set of values of u^ t;, Wy L Since, however, sech is numerically not greater 
than unity for real values of 0, t is numerically less than unity. That is 

and consequently 

for real values of x, y, and z. Conversely, it is readily proved that to any 
real values of u^VyW satisfying the above conditions correspond one and only 
one set of values of x, y, and z. 

The angles of a triangle obey the following theorem : 

Theorem 12'. In a properly restricted portion of a space of constant neg- 
ative curvature^ the sum of the angles of any triangle is less than tt. 

We may employ the construction and figure of the previous paragraph, 
but the analytic work will be different. The direction of the line AJ^ must 
satisfy the relations, 

«cosh*|4-fi= 1, fs = 0. 

In particular, the direction of AG is («i = 0, a, = — 1, «8 = 0) and of AM 
(/81 = sech^, /Sj = 0, /8j = 0). Hence 

fi = sintf sech-^, f , = — costf, fs = 0. 
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By (19), $6 the equations of AP are 

u = RtAnh-^= aii?| tanh-j5 — tanh-jl I, 

V = jBsech^ **^^ » = a^ijftanh-^ - **"'^^1 + ^tanh^ , 

where Sq is the value of « for the point A, From (IB), $6, 

sech^ = c sech— . 

Hence, by differentiating the equations of AP and substituting the coordinates 
of^, 

f I = Oi sech»^ « ^ sectf^, 
sech* ^ f , = Of 8ech*-j| =« ^ sech*^ . 

Therefore ai = c* sin 5 cosh^ , 

Oj = — <?• costf, I 

and the equations of AP may therefore be written 

u = — tand cosh-^ (v — ^tanh-^j. 

The line AB is satisfied by placing x = q^ y z^ 0^ =z A; whence 

tan ^ = . 

sinh -^ 

tanh| 

Similarly tan^ = , 

sinh -I; 



and hence tan^ tan/? = 



R 

1 



cosh^ cosh-^ 
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Since p and q are both positive, ^ < — , ^ < — , and tan^ tan^ < 1 ; 
hence 

and A-h B + C < IT. 

The theorem therefore holds for right triangles and consequently for all tri- 
angles. 

We obtain the simplest example of space of constant negative curvature 
in assuming that a one-to-one correspondence exists between our entire space 
^nd the (x, y» z) coordinates. We have then the 

Space of Lobachevskt, Boltai and Gauss. 

Within this space, Theorems 1-11 hold universally. In addition we 
have the following theorems : 

Theorem 13', All geodesic lines are infinite in length. 

This follows at once from the equations. 

Theorem 14'. On any geodesic surface^ two geodesic lines can be drawn 
through a given point parallel to a geodesic line ; all other geodesic lines through 
the given point are separated by the two parallel lines into two setSy one set con- 
sisting of lines which intersect the given geodesic line^ the other of lines which 
do not. 

The definition of parallels remains the same as in Euclidean space. The 
truth of the theorem follows from the equation 



M = — tantf cosh^ (v — R tanh^ j 



deduced above for a line through (x = 0, y =^, « = 0) in the plane « = 0. 
This line intersects OX^ or v = 0, in the point 

u =z B sinh^ tan 5, v = 0, w = 0. 

These values correspond to real, infinite, or imaginary values of as, y, z accord- 
ing as 

B? sinh«=^ Xav?0 < , = , or > i?. 
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Let « be the smalleat value of 6 for which 

i?8inh«^tan*^= i?; 

{ -I 

then cot a = sinh ^ = 

I 

whence e' = cot ^« , 

« = 2 cot-i e' 

It Ib now dear that if ^ d < «, the geodesic line intersects the line OX, the 
point of intersection receding indefinitely as d approaches « ; if«<0<ir — «, 
the geodesic line does not intersect OX; it ir -^ a < ^ w^ the geodesic again 
intersects OX. This establishes the theorem. 

We have thus the groundwork of Lobachevsky's geometry.* 
Klein t has pointed out that other examples of space of constant curvature 
may be found by considering the polyedrons used by Poincard in his investi- 
gations of the Klein groups. The details of the work are yet to be carried out. 

10. Space of Constant Positive Cnrvatnre. If A; = i/R, where 
uB is a real quantity, the space is one of constant positive curvature l/B^. 
The funotioiis u, v, u?, ^ are then 

u = R tan -= , 

V = /? sec ^ tan -^ , 

to = /? sec -= sec ^ tan -= , 

X y z 
i = sec -^ sec -^ sec r= , 
H £1 ri 

It appears that u^ v^ Wy t are single valued functions of x, y, z^ but the con- 
verse is not true. 

If we limit ourselves to such a portion of space that a one-to-one relation 
exists between its points and the coordinates (u, t;, w) and (x, y, 2;), Theo- 
rems 1-11 of the preceding pai*agraphs hold. In addition we have the follow^ 
ing theorem : 

* Cf, Ztoei geometrUche Abhandlungent German traDslfttion by Bngel, Leipzig, 1899. 
t Math. AnndUn, vol! 87 (1890), p. 544. 
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Theobem 12". In a properly restricted portion of a space of constant pos- 
itive curvature 9 the sum of the angles of any triangle is greater than ir. 

The proof runs exactly parallel with the proof of the corresponding theo- 
rem in space of constant negative curvature. 

We obtain an example of a space of constant positive curvature, if we as- 
sume that a one-to-one correspondence exists between the points of space and 
all the triples of values (m, v, «?). We have then 

Simple Space of Constant Positive Cubvature. 

Within this space, the following distinctive theorems are derived from the 
equations of the geodesic lines : 

Every geodesic line is of constant finite length irB. 

All geodesic lines intersecting in a point return again to their point of in- 
tersection^ and have besides no point in common. 

There are no parallel lines in this space. 

Another example of a space of constant curvature is obtained if we assume 
that a one-to-one correspondence exists between the points of space and the sets 
of four values (u, v, Wy t) where 

We have then the 

Double Space op Constant Positive Cubvatubb. 

Within this space the distinctive theorems hold : 

Every geodesic line is of constant finite length 2irR, 

All geodesic lines intersecting in a point intersect again in a point at a 
distance irRfrom the point of intersection and then return to the point of in- 
tersection. 

Parallel lines do not exist in this space either. 

In the double-space the geometry on the geodesic surfaces is identical 
with that on the surface of a sphere in Euclidean space. In the simple space 
the geometry on a geodesic surface is that which would be obtained in Euclid- 
ean space by the projection of the surface of the sphere from its centre upon a 
plane. 

For further discussion, the reader is referred to the last cited work of 
Killing. 
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11. Belation of our Besults to the Facts of Experience. 

There remains yet the problem to enquire how far the foregoing systems of 
geometry explain the facts of experience. To deal with this question ez- 
haitstively would require more space than is at our disposal. We must content 
ourselves with a mere outline of the treatment. 

We do not wish to discuss the metaphysical questions involved. To some 
minds the space conceptions which underlie Euclid's work, including his theo- 
ries of parallels and of the infinite extension of space, are a priori true, and 
no others conceivable. With those who hold this opinion we have no argu- 
ment for we meet them on no common ground. We take the standpoint that 
our knowledge of external space comes to us solely from experience. A sys- 
tem of geometry is an attempt to explain certiiin facts of experience and, ns 
long as the sy^item is self-consistent, its objective truth or faUity can be judged 
only by its success in so doing. 

We assert : Any one of the systems of geometry derived from the hypoth'- 
eses of this article is, as far as our present knowledge goes, in full accord with 
all facts of experience, provided suitable values are given to the constants in^ 
volved in each system. 

Experience is necessarily limited to a finite extent of space. Observation 
and measurenicnt can never extend beyond the most remote astronomical ob- 
jects, and this dist.mce can well be very small compared with the full extent of 
objective space. Hence any geometry which agrees witli experience only for 
a restricted portion of space will serve quite as well as Euclid's geometry for 
explaining the facts of experience. In fact we are not justified in going out- 
side of such a restricted portion of space. Any assumptions, for example, 
as to the existence or the nature of parallel lines, the connectivity of space, 
or the displacement of space as a whole, are only justified in case they produce 
results which would bo visible in an arbitrarily small regicm of space. 

The geodesic lines of any space of constant curvature have for a suitably 
restricted portion of their length all the properties of the "straiiiht lines'* of 
practical life (»r of Euclidean geometry. In the endeavor to construct a mate- 
rial line which shall be as nearly as possible " straight," we may proceed by 
attempting to realize the shortest distance between two points; for exautple, 
by free-hand drawin*?, by stretching a string, or by ol)>erving the path of a ray of 
light. The result is simply a geodesic line by definition. Or, we may look 
for a line which may be revolved upon itself when two points are fixed. This 
is also a property of a geodesic line in a space of constant curvature, by virtue 
of the third hypothesis. 
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A geodeaic surface has the properties of a ** plane.'' The practical testing 
of a plane surface by the application of a ** straight ** edge has its full signifi* 
cance in a space of constant curvature. 

The practical measurement of length and angle gives no criterion as to the 
curvature <^ space. Such measurement consists of the assumption of a unit 
and the appIi(*ation of the unit to the thing measured. These operations are 
carried out without hindrance in any space of constant cuiTature. In fact the 
difference between a ^pace of constant curvature and Euclidean space is not io 
the manner in which measurement is practically carried out but in the analytic 
interprettition of the process. So, more generally, any geometric figure 
may be carried without distortion from one portion of space of constant cur- 
vature to another, so that all properties of figures are independent of the 
positions of the figures in space. 

From these considerations it appears that the groundwork of expeii- 
mentsil geometry is unaltered by an assumption as to the curvature of space, 
provided the curvature is constant. Referring to the theorems of the preced- 
ing pages, we see that all spaces of constant curvature agree in the first eleven 
theorems. A distinction appeal's first in the twelfth theorem. Here we have 
apparently a means at hand to determine precisely the cui'vature of external 
space by measuring the angles of a triangle. The test however fails, owing to 
the practical impossibility of exact measurements. All we can discover is 
that the sum of the angles of a triangle does not differ very much from 7r. 
And now it is possible to show that if the sides of a triangle in a space of 
constant curvature, ± l/i2^, are suflScicntly small compared with R the diver- 
gence of the sum of its angles from ir is within the limits of the errors of ob- 
servation.* We can say only this : If the space of experience is of constant 
curvature ± l/i?^, H miist be very large compared with the distance between any 
two points lying in that part of space in which measurement is possible. 

To complete our argument, we need to ask whether other crucial theorems 
may not be developed, by means of which the curvature of space may be practi- 
cally determined. At present, no such theorem has been found. Euclidean 
geometry in finite space may be derived from our first twelve theorems, and 
the geometry in a space of constant curvature agrees, as far as has been shown, 
with Euclidean geometry within the limits of error of observation. 

There are still questions to be solved, however, notably in regard to the 

* See for example the calcalation in Lobache^stky's Zwei geometrische Abhandluugen, 
translated by F. Bngel. pp. 22-24. 
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ootmectivity of different spaces of constant curvature. It is only within the last 
twenty-five years that the possibility has been recognized of the existence of 
such spaces as that represented by the paruUelopiped of §8, and of similar 
forms with other cui'vature. Consequently many theorems stated in the ear- 
lier papers as universally true are now known to be false, or true only in a re- 
stricted portion of space. For example, a space or a surface of zero curvature 
is not necessarily infinite in extent; two '^ straight*' lines in a space of zero 
curvature may meet in more than one point ; and the sum of the angles of a 
triangle in a space of zero curvature may exceed tt, if the surface of the trian- 
gle covers a sufiSciently large area. It is possible that a more careful study 
of these spaces may yet reveal properties which render them unfit to explain 
the facts of experience, but at present no such properties have been found. 

K we are satisfied that the geometries belonging to spaces of constant cur- 
vature explain experience, the question naturally arises : Are these the only 
systems of geometry which do so9 An answer to this question may be at- 
tempted by building up synthetically systems of geometry aflber the manner of 
Euclid, but with the assumption of the fewest possible axioms. The most re- 
cent example of this mode of procedure is found in the elegant work of Hil- 
bert on the Foundations of Geometry.* 

If we maintain the analytic methods of this article, the question demands 
an examination of our three hypotheses. They have been shown to be sufii- 
cient to explain experience ; the question now is as to their necessity. As to 
the first hypothesis it is evident that it must be made, if space is to be treated 
by the ordinary methods of analysis. With the second hypothesis the case is 
not so clear, since we have assumed the line element arbitrarily. Helmholtz, 
however, has obtained this line element as a consequence of certain axioms of 
motion, which include our third hypothesis. Lie* has shown that Helmholtz's 
axioms and methods need a thorough revision, but his results remain essen- 
tially unaltered. We are, accordingly, justified in saying that no explanation 
of spatial phenomena has yet been given without the assumption of axioms 
which lead necessarily to our three hypotheses. 

Massachusbtts Instttutb of Tbchnolooy, 
Boston, December 1901. 



* Orundlagen der Geometrie, Festschrift zar Feler der Eathtillang des Gauss- Weber-Denk- 
nuUs In Oottingen, Teubner, 1899. 

* Cf, Lie-Engel : Theorie der Tranaformationsgryppenf vol. 8, pp. 487-648. See also Klein, 
Lectures on Mathematics, I.e. 
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BRILLIANT POINTS AND LOCI OF BRILLIANT POINTS.* 

By W. H. Robver. 

1. IntroductiOli, When a ray of light meets a polished surface it is 
reflected according to the following laws : 

The incident ray, the reflected ray, and the normal to the reflecting surfSEice 
at the point of reflection lie in one plane. This plane is called the 
plane of reflection. 

In the plane of reflection, the incident ray and the reflected rny lie on 
opposite sides of the normal and on the same side of the tangent* 

The incident ray and the reflected r2iy make equal angles with the normal. 

These laws are inferred from experimcmts in which pencils of light are re- 
flected from polished planes. 

The points of reflection of those reflected rays which pass through the 
pupil of an observer's eye are, for the obsenrer, luminous points, nnd are called 
brilliant points, '\ The points of reflection of those reflected rays which, when 
prodnced backward, pierce the pu[)il of an observer's eye are not luminous, 
and are sometimes called virtual brilliant points. Virtual brilliant points pre- 
sent themselves in the analytic treatment when certain equations are freed from 
radicals. 

Tubular surfaces are envelopes of spheres of constant radii whose centres 
are situated in a given space curve which is called the axis of the tube. As 
the radius of a tubular snrfsice approaches zero, its brilliant points approach 
points in the axis. The axis is the given space curve, and this fact suggests 
the definition of a brilliant point of a space curve. 

It is evident that the position of a brilliant point depends upon the posi- 
tion of the observer's eye, the position and nature of the source of light, and 
the position of the reflecting surface. Hence when the surface, source or eye 
moves, or when the surface changes its shape or size, the brilliant points move. 
The locus of a brilliant point may be a curve, a surface or a region of more 

* Presented to the American Mathematical Society at its meetln*!^, 22 February, 1902. A 
commuDication on this subject has been made to Tlie Academy of Science of St. Louis; cf. 
Trans. Acad. 8ci. of JSt. Louis, ▼<»!. x, No 11 (1900), p. Ixil. 

t Alhazeii (A. D. 987-1038) determined geometrically the brilliant points of a concave mirror 
when the scarce and the recipient are given. Cf, Bali, A Short History of Mathematics, p. 16Z« 

(118) 
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dimensions. When it is a curve, it is called a brilliant curves and when asur- 
&ce, a brilliant surface. Owing to the fuct that the impression of an image 
on the retina of tiie eye remains for some time after the object which has pro- 
duced it has disappeared or become displaced, it is possible for us to perceive 
the brilliant curve when the illuminated polished surfnce is rapidly moved. 

A striking example of this fact is presented by an illuminated polished rod 
which is rapidly rotated. When the rod \h of small radius and the axis of rota- 
tion intersects and is perpendicular to the rod, the brilliant curve lies in a 
plane. Fig. 3 illustrates this case. The phme of the paper represents the 
plane of rotation, PI and Pi are the projections of the source of light and of 
the eye respectively on this plane, and Zi and z^ are the distances of the light 
and of the eye above the plane. The heavy full line represents the visible por- 
tion of the brilliant curve. This curve may be seen in a carnage wheel. In 
this case the source of light is either the sun or a street lamp. Owing to the 
great distances of the source of light and the eye of the observer from the hub 
of the wheel (great in comparison with the diameter of the wheel), the brilliant 
curve looks like a straight line passing through the hub, and on account of the 
motion of the carnage this line continually changes its position. 

Closely packed assemblages of brilliant points look like continuous regions 
of light when the consecutive brilliant points are so near each other that the 
eye can not separate them. An example of this is presented by a cii*cularsaw 
which has been polished with emery in a lathe. The consecutive scratches 
made by the particles of emery are so close that their con*esponding brilliant 
points are too close to be separated by the eye. Each scratch may be consid- 
ered as being the special position of a variable scratch, and hence the isolated 
brilliant points are points of a brilliant cui-ve. This curve is illustrated by 
Fig. 2 and the photographs. In Fig. 2 the plane of the paper below the line 
AJS represents the plane of the siaw, Pj and P^are the projections of the source 
of light and of the eye respectively on this plane, and Zi and z^ are the distances 
of the light and of the eye above the plane. The heavy full line represents the 
visible portion of the brilliant curve. The photographs also show this curve. 
In the latter case the source of light is an electric arc and the eye is replaced 
by the optical centre of the lens of the camera. It will be observed, in the 
photographs, that near the centre of the saw there is a discontinuity in the 
brilliant curve. This is due to the fact that, at a small distance from the centre, 
the concentric circular scratches are replaced by spiral scratches, due to a differ- 
ent mode of polishing. 
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The most general problem to be discussed in this paper is the following : — 
Required to find the locus of the brilliant poirUs of a two parameter family of 
space curves when the source of light and the eye of an observer are in given 
fixed positions. An example under this case is presented by the rapid rota- 
tion of the saw above referred to, about an axis in its plane. Another ex- 
ample is furnished by a &mily of parallel polished wires, as for instance the 
wires strung on the arms of a telegraph pole. 

In what has been said above it has been tacitly assumed that the source 
of light is a point and that all the rays reflected at the brilliant points belong 
to a family of right lines each member of which passes through the same point, 
namely, the pupil of the observer's eye. It might be required to find those 
points of reflection for which the reflected rays belong to a family of right 
lines each member of which is normal to a given surface. This given surface 
would be called the recipient. The eye would then be said to be eipoint recip- 
ient. A surface to which all the incident rays are normal would be called the 
source. When all the incident rays emanate from a single point, this point 
would be said to be a point source. 

In the present paper I shall confine myself to the brilliant points of 
curves with respect to a point source and a point recipient. 

2. Definition of Brilliant Points. Given the space curve 

^i(ic,y,^) =0, F^{x,y,z) =0, 

a family of right lines emanating from the point Pi, (ajj, yi, ^i) called the 
source^ a family of right lines emanating from the point P^* (^5 1/%^ ^) called 
the recipient. The point Pq, (a^o, yo? ^0) is said to be a brilliant point of the 
space curve Pi = 0, P2 = u^ith respect to the points Pi and Pj when the 
following conditions are fulfilled. 

1. The point Pq is a point of the cui-ve Pj = 0, Pj = ; 

2. The right line PoPi, considered as a whole, and the right line PoPf, 

considered as a whole, make equal angles with the line of intersec- 
tion of their plane with the plane normal to the curve Pi = 0, 
Pj = at Pq. If the two planes coincide, P© shall still be consid- 
ered as fulfilling this condition. 
This is the most natural definition of the brilliant point of a space curve 
as suggested by that of a sur&ce. Condition 2 is co-extensive with the fol- 
lowing condition. ^ 
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3. The right line P^ P|, considered as a whole, and the right line P^ P^ 
considered as a whole, make equal angles with the right line which 
is tangent to the curve /^i = 0, i\ = at Pp. 

Fig. 1 enables us to see geometrically that Conditions 2 and 3 are co- 
extensive. In the figure, Pq ^ ^® centre of a sphere which is pierced in the 
points A^ A by the tangent at Pq to the space curve P^ = 0, P^ = 0, in the 
point Bi by the right line Pq P|, in the point B^ by the right line P^ Pt, and 
in the point C by the line of intersection of the normal plane and the plane 
of the lines PoPp PoPf The great circle through C which has A^A for 
poles is the intersection of the sphere by the plane which is nonnal to the 




FlO. 1. 

curve Pi = 0, P, = at P©. The great circles ABi and AB^ cut the normal 
plane in Dy and D^ respectively. In the right spherical triangles P| Dy C and 
B^D^C, angle D^CB^ = angle D^CB^. By Condition 2, side CB^ = side 
CB^. Hence the two triangles are equal and arc ABi = arc AB^. But this 
is Condition 3. If, on the other hand, we have given arc ABi = arc AB^^ it 
follows that arc OBi = arc OB^, and this is Condition 2. 

Classification of Brilliant Points. Those brilliant points Pq for which 
the segments of right lines Pq Pi and Pq P^ lie on opposite knappcs of a cone 
of revolution whose axis is the tangent to the space curve at Pq and whose 
vertex is Pq^ shall be called actucU brilliant points^ and those for which these 
segments lie on the same knappe shall be called virtual brilliant points. 
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When the semi-angle of this cone is a right angle, an ambiguity arises. In 
this case Pq shall be called an actual brilliant point, except when it lies be- 
tween Pi and Pg on the right line PiPg. In this exceptional case, it shall be 
called a virtual brilliant point. 

If the curve represented by the equations Pi = 0, Pj = be the axis of 
a polished wire of small radius, and if one of the points P], P^ be replaced 
by a source of light and the other by the eye of an observer, then the observer 
will see the actual brilliant points as liuninous points. 

8. Analyticid Conditionis. The deduction of the following condi- 
tions will be given in a paper which the author intends to publish in the near 
future. 

The necessary and sufficient* condition thai the point P,{x,y, z) shall be 
a brilliant point of the space curve Fi(x, y, z) = 0, Pj(a;, y, z) = 0, with re- 
spect to the two points Pi,(j;,, y„ z^) and Pj,(x„ y^, z^) is 



f'\{x,y,z)=0 I 
f^^(x,y,z)=0 j 



(a) 






+ /.{^(x-xO + ^35(y-y.).^(-..)]} 



= 0, 



(6) 



"'This condition is sufficient, provided that there are no points at which the surfaces 
Fi = 0, jPs = are tangent and hence 



e^i dFi 




dFi 


dF, 




dFi 


dFi 


dy dz 
dFi dF2 


= 0, 


dz 
cF^ 


ex 
dFi 


= 0, 


dx 
dFi 


dFi 


dy dz 




dz 


dx 




dx 


fy 



= 0; 



dFi 



dFi 



and no points at which either^* = o, ^^ = 0, ^ = or ^ = 0, ^ = 0, ^ = 0. 

^ dx dy dz dx dy dz 
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where 




A = 


dFi dFi cFi 

dr. dy dz 




3c-Jc,y-y,z-2, 



ROKVSB. 

df\ dF\ dFi 

dx dy dz 

Hi = dFt dj\ df\ 

ox dy dz 



I = 1, i. 



j^ - ^i y - yiZ-^i 



By putting, in equations (a), (6), 
F^{x,y,z)=.F{x,y)=.{). 



and hen 


ce 




ox 




dFi s/"' 



= 0. 


A'*(x 


,y,z) = z = 0. 






dz - *' 


a/', a/' 

3y ~" 3// " 




'L'- 



dF dF 
in which F(x^y)^ ^r— , x— are functions of the variablen x and y only, we 
djc oy 

obtain the following theorem : 

The necessary and sufficient condition that the point Py{x^ y) shall be a 

brilliant point of the plane mrve F(Xy y) = 0, with respect to the ttco points 

Pi,(Xi, y„ Zi) and P^yi^t yi, ^), "^chii-h are not in the plane of the curve is 



F(x,y)=0 



(«') 



x y 1 



[l7'<«— >+l7'<^-*'']| '' " 



dF dF 
dx dy 

x-xty - yt 



ra/\ , a/' n 



+ A 



dF dF 
dx dy 

dF dF 



i^ dF \ 

dx ay I — 4 ax dy \ = 



<6') 



I^t U8 denote by a^ and t/j the absolute values of z^ and Zg respectively 
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and by Pi and Pi the projections of the points Pi and Pj on the Xy Y plane. 
The condition just stated is the same for the four cases : (2^ = a|, 2^ = a,), 
(z^ = — Oi* «2= - ««)• (^ = — «i» «2= «s)i («i = «!> «a = — Oj). According 
as we have one of the second two, or one of the first two of these cases, the 
right line P, Pj cuts the right line P[ P{ between or not between P[ and P^. 
Let us denote by P| the point between Pj and P{ and by Pj the other point. 
The four points /j, Pf, P|, Pj form a harmonic range. The coordinates of P< 
and Pj are respectively 

^> + ^^ yijH_^\ A-^^ y'-^^A 
1+^ ' i + ii / I i_?i ' i_«^ / 

Oj a^ y ^ a^ aj / 

Both P; and Pj satisfy equation (6') , and hence if the curve (a') passes through 
them, they are brilliant points. 

By putting, in equation (6'), 2?! = and z^ = 0, we obtain the following 
theorem : 

The neceifsart/ and sufficient condition that the point P,{x^ y) ifhall fje a 
brilliant point 0/ the plane curve F(Xy y) = 0, with respect to the two points 
Piy{xiy y{) and Pi,(X2, y^), which are in the plane of the curve is 

F{Xy y) = 



(«") 



X y 1 



[dF cF ,1 



+ 



rdF 






dF 
dx 


dF 

dy 


x-x^y-y^ 


dF 

dx 


dF 

3.y 


X — X, 


// - Vi 



= 



(*") 



The first factor of the left hand member of equation (ft") vanishes for all 
points of the right line Pj Pj. With the exception of Pi and Pj, the second 
fiwtor vanishes for no point of this right line, except when the line is normal 
or tangent to the curve P = 0. To show this, substitute for x and y the co- 
ordinates of any point of the right line P^ Pg 



X = 



T+T" 



// = 



1 + k 
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The .second factor of the left hand member of (6") then becomes 

I dF dF 

2 k VdF dF n I T- ^— 

X, - Xj y, - y. 

This expre8«ion vanishen when A = and when A; = » . These are the 
coordinates of P^ and P,. For other values of k the expression cannot van- 
ish unless 

dF d F 

either ^^ (Xj - x,) + -.-- (y, - //,) =0 (1) 

or j dx dtf ;= 0. (2) 

If the right line l\Pi and the curve F{x^ y) = meet, equation (1) is the 
necessary and sufficient condition that P\P^ shall be tangent to /^ = 0, and 
ecjuation (2) is the necessary and sufficient condition that PiP% shall be nor- 
mal to F = 0. 

4. Loci of Brilliant Points. Suppose we have a family of space 
curves given by the e(|uations 

in which ^1 and p^ are two inde()endent parameters. If, atlU>r substituting 4>| 
and 4>2 for Fi and F^ in ecjuations (a), (6), we eliminate pi and />, between 
these three e<]uations, there results an equation, indej)endent of pi and p^, 
which is satisfied by the brilliant |)oint8 of every member of the two parameter 
family of space curves (a). This e(|uation represents the surface which is the 
locus of all the brilliant jx)ints, i. e. the brilliant surface^ of the given family 
of space curves with resi)ect to the fixed points Pj and P^- When the func- 
tions 4>i and <l>j are of the fonn 

no elimination is necessary, and equation (b), as it stands, represents the brill- 
iant suiface. Similarly, if we have a family of plane curves given by the 
equation 

<I>(x,y,/)) -0, («') 
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and if, after substituting 4> for F in equations (a'), (6'), we eliminate p be- 
tween these equations, we obtain the equation of the brilliant curve of the 
given family of plane curves («') with respect to the fixed points P| and P^, 
which are not in the plane of the curves. When the function <I> is of the form 

^{^^y^p) = ^{^yy) - p^ 

no elimination is necessary, and equation (6'), as it stands, represents the 
brilliant curve. When both Pj and P3 lie in the plane of the family of curves 
(a'), we obtain the equation of the brilliant cui've by eliminating p between 
equations (a"), (6") after substituting 4> for F. In this case the brilliant 
curve consists of two distinct curves, one of which is the right line connect- 
ing Pi and P2 . 

Theorem. When the source and the recipient are in the plane of a family 
of curves^ the brilliant curve of this family and that of iL^ orthogonal tra- 
jectories are identical. The portion of the brilliant curve, with the exception of 
the right line Pj P|, which for the one family is the locus of the actual bHlliant 
points, is for the other family the locus of the virtual brilliant points, and vice 
versa. 

5. Applications, (a) I'he Saw Curve. Let it be required to find 
the equation of the "saw curve" referred to in the introduction. The curve 
of light seen by an observer and shown in the accompanying photographs is that 
portion of the brilliant curve which is the locus of the actual brilliant points. 
In Fig. 2 the locus of the actual brilliant points is represented by a heavy full 
line and that of the virtual brilliant points by a heavy dashed line. The 
scratches caused by the particles of emery are concentric circles whose com- 
mon centre is the centre of the saw, and henc^e our family of curves is repre- 
sented by the equation 

.r^^/_a« = 0, (3) 

in which a is the variable parameter. P^, {Xx, yi, z^) is the source and P3, 
Cxj, y^, Z2) is the recipient. The derivatives of the left hand member of 
equation (3) are 

dF ^ dF , 

ox oy 
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Substituting these in (&') we obtain 

ja5«y- y2«( + \x(x^x^) +y(y-y2)naay--yi«i] 

+ «i(«2 y - y2aJ)' - «2(aa y - yi «)• = 0. (4) 

This equation may also be written as follows : 

[(«« - aJi)y - (yt - yi)« + anya - a^yj [(a^ -I- Xi) (y* -I- x'y) 

- (y2 + yi)(a^ + y*a^) + (a^ y« + yi ««) (a:* - y") + ^{yiy%-^i^)xi\ 

-2(2?!x2y2-25|xiyi)icy-|- (^^a^-^la^)/^ (^lyl - 4yi)a;* = 0. (5) 

The result may be stated thus : The brilliant curve of a family of con- 
centric cirdes^ when the source and recipient are not in the plane of the family^ 
is a curve of the fourth degree. This curve passes through the common centre 
of the circles (3), and also through the points P^ and i^, whose coordinates 
have been given in §3. 

When the right line PlP^y which is the projection of PiPj on the plane 

of the circles, passes through the centre of the circles, — = — . For this rela- 

a^ y« 

tion, equation (4) becomes 

{cy - aj)*|^(yj - y}) (x» -|- /) - (y^ - y^) {xiy^-\-x^ y{)x - 2(yi y,) (yj- yi)y 

+ ^yJ-4y?]=o, (6) 

in which c = — = — . The first factor of equation ( 6) , when set equal to zero, 
yi yi 

represents two coincident right lines which pass through the origin and contain 

Pj and Pj. The second factor, when set equal to zero, represents the circle 

cut by the {X^ !F) -plane from the sphere whose *equation is 

{X ~ x^f +{y-^ y,y -f (g - z,y _ 

{X - x,y + (y - y,y M- (^ - ^)* ' ^ ^ 

in which * = — = —. This sphere cuts the right line PiP| in points whose 
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1«4 
coordinates are 



Xi ± kXf 



wwrwBt-f c«n. 






zi ± kzt 
l±k 



l±k ' 
On account of the value of k^ the first two coordinates of one of these points 



are zero. The result of putting 






= can be expressed as follows : 



When the axis of the saw (i. e. the right line perpendicular to thepUme of 
the saw at its centre) intersects the right line P^ P^^ which connects the source of 
lights Pj, and the recipiejU^ an observer's eye^ Z^, the brilliant curve consists 
of a straigJU line and a circle, Tlie straight line passes through the centre of 
the saw and contains the projections of Pi and Pj. 77ie circle is the intersection 
of the plane of the saw by the sphere which has Pj and P^ as conjugate points^ 
and passes through the intersection of the axis of the saw and the right line 

When the axis of tlie saw intersects the right line /\ P^ in the point P^ half 
way between Pi and Pj, the sphere is replaced by the plane which is perpendic- 
ular to P\P% at P3, and in this case the brilliant curve consists of two right 
lines which are perpendicular to each other and one of which passes through 
the centre of the saw. When in this special case the right line P1P2 is parallel 
to the plane of the saw^ the two right lines cross each other perpendicularly at 
the centre of the saw. 

The photographs show some of the special cases. 

When Zi = and Zg = 0, the curve represented by equation (5) degener- 
ates into the curves represented by the equations* 

(X3 - Xi)y - (y, - yi)x -h x^y^ - x^y^ = (8) 

and 

{^ + «i)(y' -h x^y) - {yt -h //i)(ar* -h /A) 4- (.'-1^3 + !/iJ^i){x^ - y*) 

-h ^(yi^a - ^i^2)-^'y = 0. (9) 

Equations (8), (9) might have been gotten directly fmm (6"). It is, of 
course, a physical impossibility to see the curve represented by equation (9). 

(b) The Carriage Wheel Cttrve. Let it be recjuired to find the equa 
tion of the " carriage wheel curve " referred to in the introduction. In Fig. 3 

■ — m ______ 

* Equation (9) is the equation obtained by Lieutenant Kamilton, Annals of Mathematics, 
ser. 2, vol. 2 (1900/01), p. 97. A geometrical construction for this curve is given by Kagies, 
Constructive Geometry of Plane Curves, p. 383. 
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the locus of the actual brilliant points is represented by a heavy full line and 
that of the virtual brilliant points by a heavy dashed line. The spokes of the 
wheel being radial and of small radius, our family of curves is represented by 
the equation 

j/-ax = 0. (10) 

dF dF , 

dx ay 

Substituting these values in equation (V) , and eliminating a between the equa- 
tion thus obtained and equation (10), we get 

\{^2y-y^^) + (l/i^-^iy) + (a^iy2-ar2yi)J( -l)|^j«iy-yia;j \x{X'^x^) 

-|-y(y-y2)( -I- \X2!/-V%X\\X(X^X^) +y(y-yi)jl + 

zi\x{x - xj) + y(y - y^) j* - 4\x(x - x^) -\- y{y - yi) j* = 0. (11) 

The result may be stated as follows : 27ie brilliant curve of a family of radiating 
right lines^ when the source and the recipient are not in the plane of the family y 
is a curve of the fourth degree. This cui've passes through the radiant^ and 
also through the points Pi and 7^-, whose coordinates have been given in §8. 
The first term of equation (11) differs from that of equation (4) only in sign. 
When 2?! = and ^2 = 0, the curve represented by equation (11) degen- 
erates into the curves represented by equations (8j, (9). This is in accord- 
ance with the theorem of §4, since the families of curves represented by 
equations (3) and (10) are orthogonal trajectories. 

(c) A Family of Equilateral Hypei'holas. Let it be required to find 
the brilliant curve of the family of plane curves 

xy = a, (12) 

when the source and recipient are not in the plane of the curves. 

dF__ dF_ 
dx ~'^' ay " ^• 
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Substituting these values in (6'), we get 

[j//(^'-^i) + ^(y-yi)ny(y-yi)-a;(;c-a:i){-h|y(a;-xj) 

+ iK (y -y})\\v{y - yO - ^{^ - ^\)\\ + A\y{y - yO - iK(« - «2)J* 
-4}y(y-yi)-^(^-^i)P = o (13) 

6. Oeometrical Constructions of the Brilliant Curve for 
Certain Families of Plane Curves. It is a property of the sphere that, 
if any point of its surface be connected by right lines with a pair of conjugate 
points and also with the points in which the sphere is pierced by the diameter 
containing the conjugate points, the latter lines bisect internally and externally 
the angle foniied by the former. 

We can make use of this proi^^rty to test whether a point P of a space 
curve is a brilliant point with respect to a source P^ and a recipient Pg- -^.t 
P draw a plane nonnal to the curve and through the point P. in which this 
plane is pierced by the right line Pj P<i draw a sphere having P^ and Pj as con- 
jugate points. The point P is or is not a brilliant point according as this 
sphere does or does not pass through it. If the normal plane is parallel to 
the right line P^ P*, the sjAere is replaced by the plane which is perpendicular 
to Pi Pa at the i)oint half way between Pj and P^. If the noimal plane con- 
tains both Py and 7*2» the point P is by definition a brilliant point. On this 
principle is based a geometrical construction for finding the brilliant curve of 
a family of parallel curves, whose common plane w^e shall* call the horizontal 
plane, with respect to a source and a recipient which are not in the hoi-izontal 
plane : 

To any curve y at any pointy draw a normal; this line will he normal to 
every curve of the family. At the point in which it cuts the horizontal pro- 
jection of PiP^ draw a vertical linCy and through the point in tvhich this line 
cuts the right line PiP% draw a .sphere having P^ and P^ as conjugate points. 
This sphere cuts the horizontal plane in a circle which cuts the normal in two 
points of the required locus. 

In Fig. 2 this method is used for finding the brilliant curve of a family 
of concentric circles. 
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From the second definition of a brilliant ix)int (see Condition 3) we 
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obtain the following geometrical construction for finding the brilliant points of 
a right line I with respect to a point source P| and a point recipient Pj. 
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About I as an axis revolve Pi until it comes into the plane of I and P^. 
There will be two revolved positions. Connect by right lines P^ with each of 
the revolved positions of Pi, These right lines cut the line I in its brilliant 
points. 

To find the locus of the brilliant points of a family of right lines, find 
the brilliant points of each member of the family sei)arately. 

In Fig. 3 this method is used for finding the brilliant curve of a family 
of radiating right lines, all of which lie in one plane, with respect to a source 
and recipient not in this plane. 

Harvard Unfversity, 

Cambridge, Massachusetts. 
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PROBLEMS IN INFINITE SERIES AND DEFINITE INTEGRALS; 

WITH A STATEMENT OF CERTAIN SUFFICIENT CONDI- 

TIONS WHICH ARE FUNDAMENTAL IN THE 

THEORY OF DEFINITE INTEGRALS. 

By W. F. Osgood. 

Simple suflScient conditions tliat a convergent series of continuous real 
functions of a real variable (or variables) 

Ui{x) + 1/2 (x-) 4- • • • 

may represent a continuous function and may be integrated or differentiated 
term by term are now pretty generally known ; — I refer to the conditions sta- 
ted at the beginning of §1. That equally simple conditions, closely analogous 
to these, exist for the Definite Integral 



£ 



/(ic, a) dx 



is less generally known and it is believed that a statement of these conditions 
will be welcome to the readers of the Annals.* Here a shall lie in the in- 
terval (cty b) and /(a;, a) shall be a continuous function of the two independent 
real variables x,a for all values of these variables belonging to the domain 

a ^ a ^ h. 



g ^x. 

It is assumed that the integral converges for every value of a in the interval 
(a, b) ; i. e. that, a being given any such value and then held fast, the inte- 
gral 

f(x,a)(Ix 



f 



♦ These conditions were obtained by Ch.-J. de la Vall6e-Poussin in a noted paper : £tude 
des integrates h limitcs inflnies pour lesquelles la fonction sous le signe est continue, Annales 
de la Soriete scientiflque de Bruxelles, vol. 16 (1801/92), p. 150; continued in Journal de mathe- 
matiques, ser. 4, vol. 8 (1892), p. 421. Cf. also C. Jordan; Cours d'analyse, vol. 2, 2d ed., §§64-72 ; 
O. Stolz, Viff.' u. Inlegralrechnung, vol. 3, chap. 16. 

It is to be regretted that the late Professor Brunei in his excellent article on Definite 
Integrals, Ennjklopddie der mathematischen Wissenschaften, vol. 2, p. 136, did not state these 
conditions. He gives but one of them, and that, one of the more elaborate for dealing with 
the special integral of §3 below. 

(129) 
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will approach a limit when x l)ec()iue8 infinite. This limit will be a function of 
a; we write it as ^(a). By definition, then, 



<^( 



a) = llm I f{Xya)(lx = / f{r,a)dx. 

XzsfJi Jg J,f 



The questions which present themselves are : 
(a) When will the function ^(a) be continuous? 
(6) If continuous, when ciin it bo integrated by integrating the integral 
under the sign of integration, i, e. when will 



r<l>{a)da = f dx rf{x,a)d^X' 



(c) When can ^(a) be difl'erentiated by diflferentiating the integral 
under the sign of integration ; i. e. when will 

d<l>(a) ^r df(x,a) ^^^ .^ 
da Jg da 

In the great majority of cases that arise in practice the answer to these 
questions is not difficult. It is stated below in §2. 

§1. 

TiiK Tests for ax Infinite Sekies. 

Theorem A. If each tenn of the aerien 

ny{x) -\- wa(a-) + . . . 

iH a continvous function of the real variable x in the inten*al a ^ x ^h and if 
the serieti converges uniformhj in thin interval^ then thefunctionf{x) represented 
by the series is continuous in this interval. 

The Weierstrassian 3f-TEST. The aboveseries will converge xiniforinly if 
there exists a convergent series of positive constants^ 2 3/n, such that^ no matter 
tchat value x may have in the interval^ "~^ 

|w„(x)|^3/„, u=l,2, . . . 

Theorem B. If the above series converges uniformly ^ it can be integrated 
term by term : 

I f(x)dx = / \ii{x)dx + / \(x)dx -I- . . ., 

where «oj^i> ^^*^ ^^y I'^o numbers of the interval (a^b). 
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Theorem C. If each, term of the convergent series 

f{x) =Ui{x) + u^(x) + ' ' ' 

has a derivative u^n(^) '^hich is continuous throughout the intei'val a ^ x ^b 
and if the series of the derivatives 

u[{x) + wi(x) + • • • 

converges uniformly throughout this interval^ then f(x) has a derivative at 
each point of the interval and the derivative is given by the formula : 

f(x)=u[(x) +v',(x) + . . . . 

Each of the above four conditions is sufficient ; no one of them is neces- 
sary. Theorem B is not in general true if a or 6 is infinite and the integral 
is extended to infinity. 

§2. 

The Tests for a Definite Integral. 

Let/(x, a) be a continuous function of the real variables x, a at all points 
of the region 

\g^x. 
The integral 

r* 



/ 



f{x, a) dx, 

h being a constant, is 9l proper integral and it defines a continuous function of 
a, ^ (a) . This appears at once if we interpret the integral geometrically as 
the area under the curve in which the surface z =/(ic, y) is cut by the plane 



y = a.* 



If, however, the upper limit of integration is infinite, we have to do with 
an improper integral^ and it by no means follows, even if this integral : 



[' 



f{x,a)dx 
Jg 

converges for all values of a in question, that the function which it represents, 

^(a), is continuous. For example, we see by direct computation that the 

integral 

r 

ae-*^ dx 



£' 



* For an analytic proof c/. Plcard, Traite d'analyse, vol. 1, p. 29. 
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converges for all values of a ^ ; but the function which it represents, ^(x), 
is discoDtiouous : 

<^(a) = l, a>0, 

^(a) =0, a = 0. 

Again^ the integral 



f 



sinira e -■**»"-' dx. 



obtained from the foregoing in a simple manner, conversres for all values of a ; 
hut it is discontinuous for every positive or negative integral value of a, in- 
clusive of zero. 

Under what conditions, then, will the integral 



£■ 



f{:r,a)(lx, 

assumed convergent, represent a continuous function of a? The answer to this 
and similar questions is given in the theorems that follow. 

Definition of Uniform Converfjence of an Improper Definite Integral. 
The integral 



*'©' 



i 



f(x,a)(h'. 



where f(jCj a) is continuous throughout the region >V, is said to converge 
tiniforynly throughout the interval a ^ a ^h if, a positive (piantity c being chosen 
at pleasure, there exists a positive (|aantity (r, indei)endent of a, such that 



I/: 



f{x,a)ilx 



< €, a; > fr. 



Theorem A. Iff{x^ a) is a function of the independent real variables 
X, a continuous throughmt the region aV, and if the integral 

/ f{x,a)dx 

converges uniformly throughout the interval a ^ a ^ b, then the function ^(a) 
represented by the integral is continuous throughout this interval. 



Digitized by 



google 



PROBLEMS IN INFINITE SEK1E8 AND DEFINITE INTEGRALS. 183 

The Vallee-Poussin /a(x)-Test. The above integral will converge uni- 
fonnly if there exists a function Afc(a5), independent of a, which satisfies the 
following conditions: 

(a) ti{x)^{), x^g-y 

(b) \f{x,a)\ ^ fi{x), x^g; 

(c) I fi(x)dx converges. 

Corollary. TTiese conditions will ahoat/s be satisfied if there exists a 
constant Jc > \ such that the product 

x'^f{x, a) 

remains finite throughout the i^egion S. 

Theorem B. If the above integral converges uniformly^ it can be inte- 
grated, under the sign of integration : 

I '<f>(a)da = / dx /(jc, «)rf«, 

Ja^ Jg Jao 

where ao» fli» ^'**6 ^'''// two numbers of the interval (a, 6). 

Theorem V. If the above function has a first partial derivative with re- 
gard to a, /a(-^>«)» ^d each point of Sy continuous throughout *V, and if 



[■ 



f{x,m)dx 



conve7'ges uniformly throughout theintei'val a ^ m ^ b; then the function ^(^a) 
has a derivative at each point of the interval^ and 



^-]/.(^..)<." 



E^h of the above four conditions is sufficient ; no one of them is neces- 
sary. Theorem B is not in general true if a or b is infinite and the integral 
with regard to a is extended to intinity. 

Other Improper Integrals, In the foi'egoing, improper integi*als were con- 
sidered » one of whose limits of integitttion is infinite, but whose integitrnd is 
continuous throughout aS'. Similar theorems hold for integrals taken between 
finite limits, the integrand becoming infinite at one of the limits of intt^gration. 
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Thu8, let /(x, «) be a continuou8 function of x, m at all points of the region 

(ff ^ X < h: 

but suppose thaty(a;, «) becomes infinite in the points x = A, a = «, the in- 
tegral now being 

/ f{x,a)dx. 

Then the definition of uniform convergence will read, mutatis mutandis^ pre- 
cisely as before except that O is now taken near to A and x lies between (7 and 
h. The four tests hold as before, with obvious modifications. 

The proofs of the foregoing theorems are similar to the proofs of the 
corresponding theorems of §1 and scr\'e as a useful exercise for the student 
who is familiar with these proofs and is just beginning the study of definite 
integrals from a modern standpoint. 

§3. 
A Special Series and a Special Integral. 
I. The Series , Ix>t each temi of the series 

«i(-f) + W2(-^) + • • • 

be continuous for all values of x ^ g and let the series converge uniformly 
throughout any arbitrarily assign(»d int<»rval g ^ x ^ h. Then, \{ f{x) de- 
notes the fiiMi^tion representt^d by tin* sei*ies,/'(^) '« continuous and 



f(x)dx= / u^{x)dx ^ I u^(x)dx^ 

''u Jff Jff 



When can this stTies be int<^grated t(»nn by t^Tiii to infinity? We must, of 
course, first of all require that each t<»rm b<» integrablc to infinity ; /. e. 

V I i/„(ir)dac shall converge, ;i=l,2, . . . 

Furthermore let the above series of integrals convtM-ge unifomily throughout 
the unlimited inteiTal x ^ g ; i. e. 

2° A positive ({uantity € biding chosen arbitmrily small, it shall then b« 
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possible to find a positive integer independent of x such that for all values 
of X ^ jr. A 



jg Jg 



< €, /> = 1, 2 



Then it is easy to show that th<» si^ries can be integrated to infinity- term by 
term ; or, more fully, 

(a) that the series of limits 



converges ; 



/ Ux{x)dx + / u^(x)dx + . . - 

(/S) that the integral / fix) dx converges ; 
(7) that 

f{x)dx = / Ui{x)dx 4- / u^{x)dx + 
Jg Jg 



II. The Integral. A closely analogous sufficient condition holds for the 
reversal of the order of integration in the integral 



j da I f{x,a)dx. 



where /(x, «) is a continuous function at all points («, «) of the region 

Si a ^ ay ff ^ X. 
P The integraU 

/ f(x,m)dx, / /{x,a)da 

shall respectively converge uniformly throughout every fixed interval ; 

a ^ a ^ by . g ^ X ^ h; 
2" The integral 

/ da f(x,a)dx 
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nhall converge uniformly throng liout the unlimited interval m ^ a ; i. e. a posi- 
tive qumitity c being chosen arbitrarily small ^ it shall then be possible to find a 
positive quantity G^ independent of m^ such that for all values ofm^a 



Ja Jo 



dm I f(j\ a)dx < e, x > G. 



When these conditions are fulfilled 

rdmrf{x,a)dx = J dx£f{x,a)da. 

It Hometimos happens that one of the integrals of Condition 1^, — the firstt 
let us Hny^ — does not ccinverge uniformly in the interval (a, 6), but that it 
converges uniformly in every interval lying inside of the region* ^ a, namely » 
a < a' ^ m^ h^ where a', 6 are arbitrary. 

In jis case, if the remainder of Coiulition l"* and Condition 2"" are satisfied, 
the reversal of the order of integration is still allowable. 

A more elaborate test for a case of importance in practice is also given by 
Vall^-Poussin and is stated in the Encyklopddie^ I. c. 

§^- 

Pkohlems in iNFiNrfE Series and Products. 
A. — Convergence. 

1. Is tlH» infinite series: 

(2) n2V4) n2-747s) ^ • • 

convorgent or divergent? 

2. Obtain by means of Cauchy's integral U>st for the convergence of an 
infinite series of positive terms (cf Picard, Traits d'analyse^ vol. 1, p. 27) 
an upjwr limit for the value of the remainder of the series 

111 

Hence ('(mipute the value of this series when /> = IJ oon-eot to two places 
of decimals. How many terms of this series would it be necessary to sum in 
order to obtain the same degree of approximation ? 
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3. For what values of x does the series 



converge? Discuss all cases. 

4. Determine all values of x for which the series 
a\« /1.2\'^ . /1.2.3\« 



G)^-(^l)--G^)- 



converges. 

5. Is the series 



1 



«=i log(l + n) . log(l 4- n«) 
convergent or divergent? 

6. Show that if 

«o + ci\^ 4- diX^ + • • • 

represents a power series convergent for values of x other than x = 0, the 
series 

1 « 1 .• 

a© + «i« + 2l ^ "^ ' • "*" T! ^* + • • • 

will converge for all values of x. 

For what values of x will the series 

converge ? 

B. — Series of Functions. 

7. Let the series 

xix(x) + u.^{x) + . . . . 

be a series of functions each continuous in the interval a^x^h and let it 
converge uniformly in this intei-val. Show that the tenn-by-term integral of 
this series : 

/ ?^(.x*)rfa:+ / u<i{x)dx ■\- .... 
is a uniformly convergent series throughout this interval. 
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8. Let s^(m) be a single valued function of the two positive integers 
9n, n, which satisfies the following conditions : 

(a) lim ««(m) exists ; denote it hy f(m) ; 

nssob 

(6) lim Sn(vn) exists ; denote it by Sn ; 

(c) 8^(m) converges uniformly when w = x : 

Then 

(1) lim f(rn) exists ; denote it by A ; 

msob 

(2) lim 3n exists ; denote it by i/ ; 

(3) ^ = J?. 

9. Apply the theorem of Problem 8 to prove that 

10. From the formula 

m{m'- 1) . 

cosmx = oos*x ^ — 5 — ^ cos* *ic sin*x -|- . . . . 

deduce the development 

and justify each step of your work. 

11. The series 

1 1 1 

p + 2"' + 3"' + ■ • • 

converges when x > 1. Does the series represent a continuous function? Can 
it be differentiated term by term ? Denoting the function represented by the 
series by/(x), discuss rigorously the shape of the curve y =f(x). 

U. Let 

«o -f «i + • • • 

be an absolutely convergent series of constant tenns, and let 

/o(«). /i(«)i • • • 
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be a set of functions each continuous within the interval m ^ x ^ fi and each 
comprised between certain fixed limits 

A^fi{x)^B, 1 = 0, 1, . . . 

where ^, JB are constants. Show that the series 

ao/o(aj) + tti/K^) + • • • 
represents a continuous function of x within this interval : a ^ x ^ fi. 

13. Let 8^ (x) be a continuous function of x in the interval a^x^b and 
let *„(ic) converge, for every rational value of x pertaining to this interval, 
toward a limit when n increases indefinitely. Furthermore, let 

I s^(x!)-8^(x) \<M\x'^x\ , 

where Mis a fixed positive (quantity and x^ x' are any two points of the inter- 
val. Prove that Sn(x) converges uniformly toward a limit for all values of x 
in the interval. 

14. If a© + aj 4- . . . 
and f>Q + hi + - - - 

are any two absolutely convergent series, show that the value of the series 

aofto + «i/^i + • • • 
is given by the integral : 

where 

fi(x) = '^a,x\ Mx) = ^b,xK 

15. If the terms of the series 

Wi (x) 4- ?^ (x) + • • • 

are all unifonnly continuous throughout the inteiTal a <x<b and if the series 
converges uniformly throughout this interval, show that the iunction f(x) 
represented by the series approaches a limit when x approaches a. 

IH. Given that the series 

Ui(x) + U^(x) -j- ' ' ' 

converges uniformly throughout the interval a < x <b and that it converges 
when x = (f. Can we infer that it converges uniformly when a ^x <b? 
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17. If the terms of the neries 

wi(x) -f u^(x) + . • . 
are all continuous throughout the interval a^x^b and if the series converges 
uniformly throughout the interval a < x ^ 6, will it necessarily converge when 
a; = a, and, if it does converge, will the function that it represente necessarily 
be continuous at the point x = a ? 

18. If the terms of the series 

Ui(x) + u^(x) + . . . 
are all continuous throughout the interval a ^x^b and if the series converges 
uniformly throughout every intei*val m^x ^ fi lying inside of the interval 
(a, 6) : a <m < fi <by will the series necessarih' converge when x = or, and, 
if it does converge, will the function that it represents necessarily be contin- 
uous at the point x = a ? 

19. Show that the series 

^ . f^r-P (a) t - 1 ^ Ai ^ 1, 

can be differentiated term by term both as regards r and as regards fi. 

Suggestion : Prove the theorem first for the value of fi in ({uestion and 
for a value of r numerically small ; and then show that the theorem still holds 
when r has the value in question. 

20. Given the formula 



2T(n+l)| 2.(2n-|-2) ^ 2.4.(2n + 2) (2w + 4) 

show that 

dn dx dx dn 

21. Show that if the series 

where ^n(^9 y> ^) denotes a homogeneous |K)lynoniial in (x, //, z) of degi'ee 
n, represents a function satisfying I^place's equation : 



dx^ 3y* dz'^ ~ 
then each function ^n(^f y» ^) must also satisfy I^aplace^s ecjuation. 
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Suggestion : Assume that such a function V can be developed into a 
triple power series in «, y, z for values of the arguments numerically sufficiently 
restricted, the development holding for all values of the arguments in the neigh- 
borhood of the point (0, 0, 0) . 

22. Show that if 

is a series of functions each continuous and having no roots in the interval 
a ^ X ^ by and if 

^n.fi(a?) 



^n(«) 



^ 7 < 1, n ^ m, 



where 7, wi, do not depend on a, then the given series is unifonnly convergent 
within the interval. 

Apply this test to the following series : 

x(x— 1) , ic(a: — 1) (x — 2) , 
1 + «« 4- ^ ^; ^ «* 4- -5^ ff ^ a» 4- • • • 

where < a < 1 . 

23. .Find all the values of x for which the series 

€*sina; + e** sin 2a; + e**sin3a: + - • • 

converges. Does it converge uniformly for these values? 

For what values of x can the series be differentiated term by teim ? 

24. For what values of x is the series 

1 -f aJ 4- «* + • • 

absolutely convergent? Is it uniformly convergent throughout the same in- 
terval? 

25. Does the series 

7? x^ X? x'^ x^ :x^ x^^ «• 

''■*"3'^"2"^T^T"'T"^'9"^TT""6'^*' 

<5onverge uniformly in the interval ^ x ^ 1 ? 

26. Show that the series 

1 1 1 

(1 + xY "^(2 4- xy "^ (3 + x)« "^ • • •' ^^ - ''' 

<^x\ be integrated term by teim between any two positive finite limits. 
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Can the series [ye integiuted term by tenn between the limits and oo ? 
Can the function defined by the series be integrated between these limits? 

27. Show that the series 

«=i \ n^ (n + 1)« / 

can be integiuted tenn by term between any two finite limits. 

Can the function defined by the series be integrated between the limits 
and 30 ? If so, is the value of this integral given by integrating the series 
term by term between these limits? 

2H, If each temi of the series 

Ui{x) 4- th{x) + . • • 

is a continuous function of x for all values of x ^ a^ and if the series 

x^Ui{x) -f x^n^(x) -f . . ., A; > 1, 

satisfies the Jf-test (§1), then the given series may be integrated term by 
term from cr to x . 

29. Show that the series 



x^e-'^ x-^e-^' .f"p 



-X* 



can be integi"ated tt»rm by termfromOto ac, given that(7i — 1) I = n^'~^€r^K^y 
when /r„ lies between two positive constant (]uantities. 

30. (^an the function defined by the series 

1 1 1 



■^ (% j_ '>.\« "^ 



(1 -hx)8 (2 + x')» (3 + :c)« 

be integrated from to x) , and if so, is its value given by the term-by-term 
integral of the series ? 

(\ — DoiHLE Series. 

31. Show that the function 

log(l4- ^) 
can be developed int^ a i>ower series in x. State carefully eac»h theorem that 
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you employ.* Determine the coefficients of the first four terms in the devel- 
opment. 

32. Develop the function 

f(x) = / sin-^(xsin^)rf0 
into a power series in x. Justify each step. Assume the formula 



/ sin*»<^ d<l> = 



2-4.6- . . . -(n-^ 1) 

1-3.5. .... 71 

where n is odd. 



33. Develop ^cosj^; into a series proceeding according to ascending in- 
tegral powers of cc, stating accuiutelj' the theorems of which you make use. 
For how large a region will the series surely converge and represent the 
function ? 

Further problems in infinite series will be found in the exercises at the 
end of chs. 17 and 18 of Gibson's Elementary Treatise on the Calculus, 

D. — Infinite Products. 

34. Discuss the infinite product 

(1 — sinx) (1 + sin Jx') (1 — sinja:) .... 

with reference to absolute and to uniform convergence, t Study the function 
defined by this product and plot the corresponding curve. 

* The final theorem here needed is to be found in Stolz, Allgemeine ArUhmetik, vol. 1, ch. 
10, §25. A special case of the theorem sufficiently general for the great majority of the cases 
that arise in practice (in particular, for the preHent case) is stated in my Infinite Series, §36. 

Numerous examples of developments that can be obtained by this theorem are given in 
the text-books on Calculus; c/., for example, Byerly, Problems in Differential Calculus, pp. 46- 
48. The analysis at the disposal of the student at that stage of his work is inadequate for 
complete demonstrations, and these are properly deferred for an advanced course in analysis. 

t An infinite product /i/j; .... is said to converge when and only when (a) the factors 
from a definite one,/m, on are all diflierent from zero; (b) the product /m+iAi + s . . -fm-^-p 
approaches a limit different from zero. 

An infinite product /i(a;)/2(x) ... is said to converge uniformly throughout the interval 
a ^ X ^ & if , a positive quantity e being chosen at pleasure, there exists a positive integer m 
independent of x and such that 

l/m + lW/» + 2(«) • • • • fm + pW — 1 I < «, P = 1, 2, 

These definitions can, of course, be replaced by more general ones. But the products that 
would thus be admitted it is not useful to consider in practice. 
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35. Show that the infinite product 

COSX*C08ix 'COB^X - . . . 

converges for all valuen of x and discass the function that it definen. 

36. Discuss the infinite product 

('-f)('^i)0-O0-O- ■ 

with regard to absolute and to uniform convergence. Plot the function de- 
fined by the product as a curve. Find its slope when x = and when x = 1. 

37. Show that the above products can be developed into power series 
in xand determine the coefficients of the terms of degree 0, 1, 2. 

Problems in Definite Integrals. 

38. Show that the integral 

Qc^-^€^' dx 



£' 



n 
converges and defines a continuous function for all values of «. 

39. Show that the integral 

converges and defines a continuous function for all positive values of a. 

Give the proof first by introducing as a new variable of integration 
y = x-^ ; then by applying the theorems of §2 directly, modified for a finite 
domain of integration. 

40. Show that the function 

r(a) = jx^-^er-'dx 

is continuous for all positive values of a and that 

/•OC 

r'(a) = / .e^-^logxe"dx 
Jo 

r"(a) = / x— i(logx)«e-'(/x 
Jo 

etc. 
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Plot the cuiTe y = r(«), showing that it has a minimum between « = 1 
and « = 2, and that it is always convex toward the c-axis. 

41. The integral 

converges for all values of a and represents the function ^(«) = «. Can the 
integittl be differentiated under the sign of integration ? 

42. Given the foimula 



deduce the formulas 



_ 

rx^er^^dx = J ^, etc. 
<7« 



43. Show that 



JO 



e-'^Qo&2ax dx = iy^e"*". 
Jo 

Suggestion : Denote the value of the function by u and show that 
T- + 2au = 0, w|.^o = i V^- 

44. Show that 

e-(**+F")dx=i7rc-2*. 



f' 



Is it allowable here to differentiate under the sign of integration for all 
values of a? If not, and if you have used the method suggested in TVoblem 
43, have you been careful to make your solution rigorous? 

45. Show 1) that the integral 

°cosaic 



re 

Jo ^ 



,dx 



Jo 1 + ^" 
defines a continuous function, /(a), for all values of a ; 2) that 

<l>(a)=rf{a)da 
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is given by integration under the integral sign with respect to a ; 3) that /'(a) 
is given in general by differentiating under the integral sign with respect to a ; 
4) that <f>(ti) satisfies the differential equation : 

-5-; = A — — when a > 0. 

Hence determine the function /(a) defined by the integral. 
46. Discuss the function defined by the integral : 



y 6— •'•sir 



•sin X dx, 



47. Discuss the function 

w 

<f>(a) =r / tan«<^ d<f>, 

plotting the graph and determining the essential chai-acteristics. 

48. Show that the functions 

/(a) = /^e-^cos(ax«)f/^', 

<^(a) = / ^-^sin(a.r*)rfx, 
satisfy the linear differential equations : 

•^^*^ = 2(1"+ «^) [*^^*^ "^ *^*^]' 

HARViOtD UNIVRBSITY, 

CaMBRIDOR, MAH8AGHU8RTT8. 
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NOTE ON THE PRODUCT OF LINEAR SUBSTITUTIONS.* 

By H. B. Newson. 

If two linear substitutions in n variables be compounded, the product is 
also a linear substitution in n variables. The following method of expressing 
the result in determinant fonn is believed to be new. The proof is given for 
two substitutions in three variables, but the method and result are capable of 
immediate generalization for n variables. 

Let T and Tj be two substitutions as follows : 



pxi = a^x -h bit/ -h c^z, 
P!/i = ct^x -h h^y + v^z, 
pz^ = a^x -h h^y -h c^z, 



^1 : Pii/2 = o^^i + fii!/i + 7««i» 
Pi^i = a^Xj -h fin!/i + 78^1- 



The substitution T^ is obtained by elhuinating x'l, yi, Zi from the above equa- 
tions. This may be done as follows : Find the inverse of T by solving the 
three equations of Tfor x, //, z,' Thus we get 

- x = AiXi -h A^yi + A^Zi, 

A 

9 
where A is the detenninant of Tand Ay B^ et-c. have the usual meanings. 

The three equations of T~^ and the first one of 7\ form a system of four 
simultaneous linear equations ; hence 



A 
X 

9 

A 

A 

z 

P 






A^ A^ 



Ik Jh 






ft 



7i 



= 0. 



* Read before the Chicago Section of the American Mathematical Society at the Evanston 
meeting, 2/8 January, 1902. 
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This equation expressen the i*elation between x^ y, z and x^. 
equation for x, we get 



Solving the last 







X 


Jxi Ji.^ -/Ij 








y ih B^ B, 




ppi^xt = 


X C, C, C, 
«, /8i 7, 


■ 


like manner we get similar reuulto for y, and z, ; thus 




X Ai Ai A^ 




X yi, ^, ^t 




y A B, B, 




// i/, A A 


PPi^y» = 


z Gi Cj Cj 


: /»f»,A24 = 


2 C\ Ct C, 




a, A 


7« 






«8 A 7. 



When these three determinants are ex|)anded, A divides out of both sides of 
the equation. 

The general formula for 7) variables is 

Ai A^ .... A„ 



/»/»,A— •x{" = 



«i 



^ Bi B, 



X, N, JV. 
m, /S, 



B. 






(t = 1 . . . n). 



Thbobbm. • 7%e value of Xf" in the product of T and T,, two linear 
aubstittUiona, m proportional to the determinant formed by bordering the deter- 
minant of T~^, the inverse of 7\ vertically hi/ the variable* of Tand horizon- 
tally by the coejfictente of the ith equation in Tj. 



UmynnrrT or Kansas. 

LAWBKNCa, Kamsah. 



Digitized by 



Google 



Digitized by 



Google 



Digitized by 



Google 



Digitized by 



Google 






CONTENTS. 



PAOB 



Space of Constant Curvature (Conclusion). By Professor Fred- 
erick S. Woods, 93 

Brilliant Points and Loci of Brilliant Points. By Mr. W. H. Roever, 113 

Problems in Infinite Scries and Definite Integrals ; with a Statement 
of Ceiiain Sufficient Conditions which are Fundamental in the 
Theory of Definite Integrals. By Professor W. F. Osgood, 129 

Note on the Product of Linear Substitutions. By Professor H. B. 

Newson, .......... 147 

ANNALS OF MATHEMATICS. 

Published in October, January, April, and July, under the auspices of 
Harvard University, Cambridge, Mass., U. S. A. 



Gambridfje: Address The Annals of Mathematics^ 2 University Hall, Cam- 
bridge, Mass., U. S. A. Subscription price, $2 a volume (four numbers) 
in advance. Single numbers, 75c. All drafts *and money orders should be 
made payable to Harv^ard University. 

London: Longmans, Green & Co., 39 Paternoster Row. Price, 2 shil- 
lings a number. 

Leipzig: Otto Harrassowitz, Querstrasse 14. Price, 2 marks a number. 

Pbtnted bt The Salbm Pbbss Co., Salem, Mass.. U. S. A. 



Digitized by 



Google J 



JULY 1902 



Annals of Mathematics 



(Founded by Obmond Stonk) 



EDITED BY 

Ormond Stone W. E. Byerlt H. S. White 

W. F, Osgood F. S. Woods Maxime B6cher 



PUBLISHED UNDER THE AUSPICES OF HARVARD UNIVFiRSITY 



SECOND SERIHS VoL- 3 No. 4 



FOB 8ALE BY 

THE PUBLICATION OFFICE OF HARVARD UNIVERSITY 
2 University Hall, Cambricls:e, Mass., U. S. A. 



London : Longmans, Grbrn & Co. Lelpilg i Otto HARnAseowiTZ 

89 Paternofiter Row Querstrasse 14 






Digitized by 



Google 



Digitized by 



Google 



NOTE ON A TWISTED CURVE CONNECTED WITH AN INVOLU- 
TION OF PAIRS OF POINTS IN A PLANE.* 

By H. S. White. 

1. A Method for Gtonerating some Twisted Curves. The 

points of a plane are said to be in involution when they are so related in sets of 
n points that any one point of a set determines all the other n — 1 points of that 
set. The simplest involutions, and the best known, are those where each set 
contains only 2 points. Of involutions of higher order so much is known as 
that they are all rational ; that is, that between the points of a plane and the 
sets of points of any involution a one-to-one relation can be established.! But 
for orders higher than 2 the classification and reduction to types have not yet 
been given. Hence we shall understand for the present by "involution" 
always an involution of order 2, one whose points are grouped in pairs. 

Bertini showed that involutions of second order are of four distinct 
types, every such involution falling into some one of these four classes. J Two 
of the same type are usually not projectively equivalent, but each can be 
transformed into the other by some Cremona transformation. As the repre- 
sentative of each type he chooses the simplest.- The first type is that in 
which collineation or projection effects an exchange of the points of each pair. 
Such a collineation evidently must be a perspectivity, or central projection. 
The second type includes as many distinct species as there are possible orders 
of curves, one for every integer above 3. Among these we consider that of 
lowest order, in which paired points lie on rays passing through a fixed point, 
and are conjugate with respect to a fixed conic. § These two alone are to be 
used in the present note. 

The notion of an involution in a plane may be used to generate twisted 
curves, just as the notion of involution on a line has been used (and may be 

* Read before the Chicago Section of the American Mathematical Society at its meeting 
January 8» 1902. 

t G. CastelnuoYO, Mathematiache Annalent vol. 44 (1894), p. 125. 

X Ricerche saUe trasformazioni aDivoche.inyolatorie nel piano. Aimali di mcUematica, 
aer. 2, vol. 8 (1877), p. 264. 

§ Compare the system of intersections of the circles of a net, nsed as an illustration, by 
Professor B/^her in the Annals of McuherndtCcSf ser. 2, vol. 3 (1902), pp. 49-52, and especially 
the first footnote on p. 62. 
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used further) to generate plane curves. To make this explicit, recall the 
method proposed by Steiner, and elaborated by Schroeter, for generating a 
cubic curve in the plane. A quadric involution on a straight line, it will be 
remembered, consists of pairs of points harmonic with respect to two fixed 
points, either real or iniaginary, on the line. Two pairs of points determine 
fully such an involution, since there is only a single pair of points separating 
harmonically two given pairs. Any third pair of points, in order to belong 
to the same involution, must satisfy a single condition. Hence if three pairs 
of points are taken at random in a plane, and these are projected from a varia- 
ble center in the plane upon any line, the requirement that their projections 
shall form 3 pairs in quadric involution will subject the variable center to a 
single condition ; i. e. the locus of that point is a definite curve. In this case 
the locus is a general cubic curve. 

In the same way, if a certain number of pairs of points in a plane suffice 
to determine an involution of a specified type, then one additional pair of 
points, in order to belong in the same involution, must satisfy two conditions. 
Assume now, in space of 3 dimensions, pairs of points one more than suffi- 
cient ; project them upon a plane from a variable center, and require the pro- 
jections to form pairs in an involution of the specified type. This will be 
equivalent to 2 conditions, restricting the variable center to motion along some 
definite twisted curve. 

In this way involutions of order 2 can give rise to an infinite variety of 
algebraic twisted curves, and may be found to lead to important properties of 
those curves. Indeed two species of involution in the plane which are equiv- 
alent to each other by virtue of some Cremona transformation will usually be 
connected with twisted curves which are not transformable into one another 
by any Cremona transformation of three dimensional space. 

To exhibit the method I have worked out the following two simplest 
examples. 

2. First Example : the Perspective Involutioii. In a perspec- 
tive relation of the points in a plane, the axis o and the center may be any 
line and any point. To find the conjugate to any point Pi (see Fig. 1), pro- 
duce a line OPi to cut the axis o in a point P', and determine a fourth point 
Pj on OPi harmonic to 0, Pi, and P'. All the pairs of points P1P2 consti- 
tute then an involution of the first type. Otherwise, two such pairs may be 
taken arbitrarily, and from them the center, the axis, and consequently all 
other pairs can be found. Suppose Ai and A^, Pi and B^ to denote given 
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pairs, then any third pair Pi P, must have their joining line pass through the 
point where the line AiA^ meets B^B^. This is the first condition. Again, 
this center determines two points A and B' 
where the axis o must intersect A^A^ and BiB^ ; 
the second condition is that the center and axis 
o shall separate harmonically the points Pi and P^. 

Assume in space three pairs of points A^A^y 
BiB^y Ci O2 (no four in any plane) . If the pro- 
jections of the 3 lines a^b^c which join these sev- 
eral pairs are to meet in one point of a plane, the 
center of projection X must lie on a line inter- 
secting all three : a, 6, and c. That is, JT must lie ^^- ^' 
on a ruled quadric having a, 6, c as directrices . This first condition restricts 
JTto a quadric surface. 

The second condition is satisfied if the six projecting rays XA^ XA^^ 
XBif . . . XC2^ lie on a quadric cone. For then the generator which passes 
through JT, and its polar plane with respect to the cone, will project from X 
into the required center and axis of perspectivity, inasmuch as their sections by 
any plane will separate harmonically the projections of each pair of given points, 
€, g. of Ai and A^. Conversely we see that this condition is not only suffi- 
cient, but also necessary for the point X. We have to find therefore the locus 
of the vertex of a cone passing through 6 given points. That this is a sur&ce 
of the fourth order* can- be shown as follows. 

A quadric surface is fixed by 9 points » Hence through the 6 given points 
there pass all the quadrics of a linear system with 3 arbitrary parameters : 

<^o + ^1 ^1 "i" ^ ^2 + ^8 4^9 = 0« 
If ^ is to be a conical point upon one of these quadrics, 4 conditions must be 
satisfied, viz, the vanishing of the 4 partial derivatives :t 

<f>oi(x) + \4>n{x) 4- X2<^i(x) 4- X8<^8i(«) = 0, 



<f>Qi(^) + \<f>u{^) + M<f>ti(^) + \<f>u{^) = 0. 



♦ The ** Surface of Weddle." See full discussion in Cayley's Collected Works, vol. 7, p. 160 
«qq. ; and a paper by Chasles, Comptes Bendus, vol. 62 (1861) pp. 1157-1162. 

t The quadrics ^, ^, etc., are supposed to be homogeneous in the coordinates X], Xg, X3, X4. 
Partial derivatives are then denoted by added subscripts. Thus the abbreviation 0si(x) means 
d 
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Eliminating from these 4 equations, linear in the (x), the parameters X,, X,, X^, 
we find the equation of a quartic locus for A^ Notice that it is the Jacobian 
of all quadric surfaces that pass through the 6 fixed points. 

The intersection of a (luadric and a ({uartic is in general an octavic curve. 
But this (]uartic contains entire lines, among them the 15 which join two and 
two the 6 fixed points ; and 3 of these are the directrices a, 6, c of the quadric. 
Hence the proper curve is a quintic, and cute every directrix in 4 points, but 
every generator of the quadric (/. e. those of the system opposite to a, 6, c) 
in only I point. This quintic belongs obviously to the class aoof Noether,* a 
sub-species not particularly described by Halphen,t but included under his 
second species of quintics. All directrices of the quadric surface are four-fold 
secants of the cur\'e, so that its projection from any point of the curve upon a 
plane is a plane cjuartic with a triple ix>int, proving that the quintic is of defi- 
ciency zero, t. e. it is rational. Generators of the second system meet it in 
only one point each, hence it can have no actual double point. Finally, a 
counting of constants makes it probable that every quintic of Noether's class 
ai can be generated by the above method ; if this is true, a geometric proof 
would disclose an interesting property of the curve. 

3. Second Example : Involutioii of Harmonic Conjugates on 
Rays Cutting a Conic. Five pairs of conjugate points with respect to a 
conic completely determine that conic. Hence 5 pairs of points suffice to 

detennine an involution of the second type. But 
these 5 pairs are not perfectly arbitrary ; they are 
subject to the restriction that the 5 lines joining 
the respective pairs must have a common point, 
which we may call a radiant point. Any sixth 
pair of points, in order to belong in the same in- 
volution as the first five, must satisfy 2 conditions : 
first, their joining line must pass through the radi- 
ant {)oint; and second, the two points must be 
*''°- *• conjugate with respect to the same conic which 

separates harmonically the first 5 pairs. In Fig. 2 O is the radiant point, 
Ai A^y BxB^y etc., the 5 pairs that determine the involution, o the conic which 
separates each pair harmonically, and P| P^ any sixth pair in the involution. 

* Zor Gmndlegang der Theorie d. algebraischen RaninciirFen. AhhmSlgn. der kgL Akad. d. 
Wi8sen8ch€^ften xu Berlin, 1882, Anhang, p. 88. 

t Sur la classiflcation dee coorbes gauches alg^briques. Jour, de VEeole polffteehniqne, vol. 
62 (1882), p. 162. 
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To secure a variable center of projection we have therefore to assume in 
space, not 6 pairs of points taken at random, but one pair on each of 6 direc- 
trices of a ruled quadric surfiice. Then a center of projection X anywhere 
upon that quadric will give a set of projections satisfying the first condition, 
for the 6 directrices will project into lines meeting upon the generator that 
passes through X, As to the second condition, some quadric surfistce separa- 
ting harmonically each of the 6 given pair^ of points must be a cone having X 
for its vertex.* E^h pair of points, as being conjugates, supplies one linear 
condition for the coeflScients of the equation of that quadric, leaving 3 free pa- 
rameters (10 — 6 — 1 = 3). Here therefore the reasoning of §2 applies again, 
and the locus of the vertex Xis a quartic surface, the Jacobian of 4 quadrics 
that have generally no common point. This Jacobian must evidently contain 
each one of the 12 given points, but need not contain any of their join lines. 
The curve of intersection is accordingly of order 8 and is of the species a^ of 
Noether {I. c, p. 96), or Halphen's 1st species {I, c, p. 165). 

By counting constants we may judge that every curve of this species lies 
on at least one Jacobian surface, and contains 24 pairs of points separated 
harmonically by all cones of the system. But that these pairs, or any six 
of them, will lie on as many of the quarti-secants of the curve is apparently 
improbable. Hence the curve found from six arbitrary jmirs of points on six 
generators of a quadric by the aid of the concept, involution of the second 
type, must be of a very special kind under its species. To confirm this, it 
would be needful to study minutely the system of lines joining corresponding 
points on the general Jacobian surface. 

Northwestern UmvERsmr, 

EvANSTON, Illinois, February, 1902. 

* See Cayley and Chasles, as cited above. 
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ON SOME CURVES CONNECTED WITH A SYSTEM OF 
SIMILAR CONICS. 

Br R. E. AxLARDicE. 

1. Introductioil. The problem has been propoesed by Steiner* of find- 
ing the envelope of a system of similar conies circumscribed about a given 
triangle, and of finding the loci of the centres and foci of the conies of the sys- 
tem. He states that the envelope is a curve of the fourth order having three 
double points, and gives some of its properties. The problem has been treated 
by P. H. Schoute in a paper entitled Application de la transformation par 
droites symMriques d un probUrrie de Steiner.^ In this paper the author dis- 
cusses the problem of the envelope in detail by a geometrical method, to which 
reference will be made hereafter, and gives the order of the locus of centres, of 
the locus of foci, and of the locus of vertices, and the class of the envelope of 
asymptotes, of the envelope of axes, and of the envelope of directrices. He 
states, however, that the envelope of the asymptotes is a curve of the sixth 
class, but does not point out that it breaks up into two curves, each of the third 
class. I propose to determine analytically the equations of certain of these 
curves. 

2. Defliiition of Similar Conios by the Use of Asymptotes. It 
may be taken as a definition or proved as a theorem, according to the point of 
view, that two conies are similar when the angles between their asymptotes are 
-equal. When rectangular coordinates are used, two conies with their centres 
at the origin are similar and similarly situated if the terms of the second degree 
be the same, or proportional, in the two equations. Now these terms of the 
second degree represent the (real or imaginary) asymptotes, and the angle 
between these asymptotes is not altered if the conic be displaced in any way. 
It may easily be shown that the tangent of the angle between the asymptotes 
of an ellipse is equal to 2abi/(a^ + 6*)> where a and b are the semi-axes, and 
for a real ellipse this quantity is a pure imaginary whose modulus is less than 

* Systematische Entwlckelung der Abhanglgkeit geometrlscher Gestalten 7011 einander 
{problem 39 of the supplement), Gesammelte Werke, vol. 1, p. 446; Vermischte Satze and Auf- 
gtkheu.ibid,, vol. 2, p. 676. 

t Bulletin des sciences matkimatiques et astronomiques, ser. 2, vol. 7 (188S), pp. 814-324. 

(164) 
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unity. It is obvious that two conies for which this quantity is the same are 
similar, as the quantity may be expressed in terms of 6/a, which in turn can 
be expressed in terms of the eccentricity. 

3. Laguerre's Projective Deflnition of Angle applied to the 
Asymptotes- It has been shown by Laguerre and Cayley* that the angle 
between two straight lines can be expressed in tenns of the cross-ratio of the 
range of four points consisting of the points where the straight lines meet the 
straight line at infinity and the circular points at infinity. More definitely, f 
if a be this cross-ratio and the angle between the lines, then 6 = JHog a ; 
and from this it may easily be shown that tan* ^ = — (1 — a)^ j (\ + a)*. Now 
the infinitely distant points of the two asymptotes are the points where the 
conic itself meets the line at infinity. We thus have to consider a variable conic 
that circumscribes a given triangle and meets the straight line at infinity in two 
points that form with the circular points at infinity a range of constant cross- 
ratio. But instead of the line at infinity and the two circular points upon it we 
may take any straight line with two fixed points on it ; and these fixed points 
will be most conveniently assigned as the points of intersection with the given 
straight line of a fixed conic circumscribing the given triangle. The special 
case of the system of similar conies will then be obtained by taking the straight 
line at infinity and the circumscribed circle for the fixed straight line and 
fixed conic. 

4. The Quadrie System of Similar Circumscribed Conies. 
By means of the theory of invariants we may write down the condition that a 
straight line meet two conies in pairs of points having a given cross-ratio a. % 

Let 

tZ-P = W, Xj + W2 ^2 + ^3 ^ = 

be the given straight line ; 

p% = Pix^x^ ^ Pi^xy^ -\-Pz^\^ = 
be the fixed circumscribed conic ; and 

Xj = XiXaXj + y^x^x^ 4- \zXiX^— 

* Lagaerre, Note snr la th6orle des foyers, Nowoelles annalts de matJUmatiquea, vol. 12* 
(1853), p. 64. Cayley, A sixth memoir upon qnantics, Philosophical Transactions, vol. 149 
(1859), pp. 61-90, and Collected Mathematical Papers, vol. 2, pp. 561-592. See also Loria, Teorie 
geometriche, where, however, the reference Is given to Gay ley's fifth. Instead of to his sixth 
memoir. 

t Compare Klein, Nicht-Euklidische Oeometrie, vol. 1, pp. 47-60. 

X See Clebsch-Llndemann, Vorlesungen Uber Geometric , vol. 1, p. 281. 
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be the variable circumscribed conic. Tlie required condition is 

/)'«(«- 1)» - DD'' (« + 1 )« = 0, (1) 

where 

- JZ) =Xlt4 + Xju|+ ^til- 2XiX4tiiU,- 2X,X,w,w,-2X,XiM,Wi; 

- * ^" =i>iwj +I>tu5 +i>juj - 2/>i^,ttiU4 - 22),i),tt,ti,~ 2i>ti>i«,tii ; 

- i Z)' = Xii), wj + X^i),t4 + Xsi),t4 - (X,^ + X,^,) u,tt, . 

Since according to (1) the parameters X^, X^, X,, which occur linearly in 
the equation of the conic, are connected by a quadric relation, the conies are 
said to form a quadric system. 

5. LoouB of Centres of Conios in the Quadric System. Cor- 
responding to the problem of finding the locus of the centres of a system ot 
similar conies we have to find the locus of the pole of u^ with respect to the 
conic Xj.. 

I^ (yi> yt> ys) b® ^^ required pole, we have 

"i = ^y« + ^y%^ etc., 

whence, omitting again a factor of proportionality, we have : 

>'i = yi(wsyt + M,y8- wiyi); etc. (2) 

Substituting these values of X^, X^, X, in (1) we get a curve of the fourth order 
as the locus of the pole of u^. 

If (Xi, X), Xs) be regarded as a parametric point, the locus of this point is 
a system of conies (for varying values of «) of which the equation is given by 
(1). This system of conies has double contact with the conic 2> = (an in- 
scribed conic), the chord of contact being Z>' = 0. The relations (2) show 
that this system of conies is transformed into the system of quartic curves by 
means of a Cremona quadratic transformation. As such a transformation turns 
a non-specialized conic into a trinodal quartic, we shall expect to find a system 
of trinodal quartics, all having double contact with the quartic which replaces 
the conic Z) = 0. 

If we substitute the values of Xi, Xj, X, in Z), Z)', Z)", we find, putting 
Pi = Wi {Pi'iH+PzU^ -i>i Wi), etc., 

I> =-(wiyi + ^y« + W8y8)(w2ya4- utyz-u^yi){u^y%-^ wiyi-ti,y,) 

(^iyi + w,yt-««8y8)» 
Z)' =PiWi3^ + P3^^yl4- Pansys- (P\^+ PsMyiys-etc., 

Z)" = -(Pi/>i + P,i>, + P,i>s). 
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Hence the equation of the system of quartics is 

(a-l)«[i>iWay?+ . . . - (P, % + i^^^i) yiy^ Y 

. . . . = 0. 

The fact that D = degenerates into four lines suggests a simplification of 
the equation. Choosing the three components which form a symmetrical set, 
we transform to a new triangle of reference by means of the equations 

^2l/% 4- t^sys ~ wiyi = WiX^, etc. 
The result is : 

— (a 4- l)^kxiX^x^ (UiXi 4- u^x^ + u^x^) = 0, 
where k = Pipi 4- P2JP2 + PzPs- 

This equation represents a trinodal quartic having its double points at 
the vertices of the new triangle of reference and having u^ for a double tan- 
gent. By proper selection of the five constants involved in a, Wi, ?^2i '^s^PuPi^Pz^ 
the equation may be made to represent any trinodal quartic referred to the 
triangle having its vertices at the double points. In other words, any quartic 
with nodes at three distinct finite points and touching the line at infinity in 
the two circular points is a locus of centres of similar conies through three 
fixed points, for evidently such a locus can be constructed to have seventeen 
points in common with the given quartic. 

6. The Locus of Centres for Farticular Values of the 
Asymptotio Angle. We return to the case of the system of similar conies 
by putting j?i = w^ = «> ©tc. ; and the equation becomes 

(a;2a:3sin A 4- Xs^i^in B 4- ^iXgsin Cy 

+ cot*^ sin A sin B sin CxiX^x^ (Xisin A + Xgsin B 4- ajjsin C) = 0, 

where is the angle contained by the asymptotes, a, b and c the sides, A, B 
and C the angles of the new triangle. 

For = 7r/2, the case of the equilateral hyperbola, the quartic degenerates 
into the circumscribed circle, that is, the nine-point circle of the original 
triangle, taken twice over. (In the more general case, where the constants 
Pi, Uiy etc., are arbitrary, we get the nine-point conic ; and this is otherwise 
obvious, as in this case « = — 1 , and the conies therefore intersect the straight 
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line Uj, in pairs of points in involution ; and hence pass through a fourth fixed 
point.) 

For ^ = 0, the quartic degenerates into the straight line at infinity and 
the sides of the triangle of reference. The straight line at infinity corre- 
sponds to proper parabolas and the sides of the triangle of reference to de- 
generate parabolas consisting of pairs of parallel straight lines. 

For cot'-^^ = — 1, the case of circumscribed conies through either one of 
the circular points at infinity, the quartic degenerates into two imaginary conies 
intersecting in the vertices of the triangle and in the circum-centre. i 

It may easily be shown that the tangents at the vertex A are real when | 

Qot^O is positive, and when cot*^ is negative and |cot*^ sin*^| > 4. When ' 

4 4- cot^^sin^^l = 0, the tangents coincide and ^ is a cusp ; this value of \ 

gives the three-cusped hypocycloid when the triangle of reference is equi- 
lateral. 

7. Similar Conies luider the Isogonal Transformation. The 

transformation by droites ayni^triques employed by P. 11. Schoute in the paper ! 

referred to above is sometimes called the *' isogonal transformation" and con- 
sists in substituting (l/'^i, l/^j, V^.O ^^^ (-^u^sj^s)' Schoute proves that to 
a system of similar circumscribed conies coiTesponds, in this transformation, 
the system of tangents to a circle concentric with the circumscribed circle. 
This theorem is very easily proved by means of the projective definition of an 
angle. To the straight line at infinity corresponds the circumscribed circle, 
and vice versa ; hence the circular points at infinity are transformed into each 
other by the isogonal transformation. It is easily seen that if the points 
P, 9, By S be transformed into the points P', Q\ Ii\ S'^ and if A be any 
vertex of the triangle of reference, then the cross-ratio of the pencil A.PQ 
It Sis equal to the cross-ratio of the pencil A.P' Q' li' S'. Now let P« and 
Q^ be the points in which one of a system of similar circumscribed conies 
meets the straight line at infinity, let P and Q be the corresponding points, 
namely, the points in which the straight line into which the conic is trans- 
formed meets the circumcircle ; and let / and J be the circular points at in- 
finity. Then the cross-ratio (A.IJJ*^ (?„) is ecjual to the cross-ratio (A,JI 
PQ) ; thus the latter cross-ratio is constant, and thus the angle P^ Q is con- 
stant. In other words the chord PQ subtends a constant angle at A and 
therefore touches a fixed circle concentric with the circumscribed circle. 

8. Envelope of Asymptotes. The asymptotes of a conic are the 
tangents from the pole of the straight line at infinity. Instead of this special 
line we may in the first instance take any line whatever. It will be conven- 
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lent to use tangential ooordinates ; and the equation of tlie variable circum- 
soribed oonio becomes : 

XjvJ + ^4^1 + ^Jvs — 2\iX,t;iV3— 2X,\3VjV8-. iX^XiV^Vi = 0, 

or Xj vj Qi + \j Vj ft + XbVs ft = 0, (1) 

where Qi^>^^% + Xjj ^a — \ ^i» ^^<5» 

The equation of the pole of the straight line (ui, u^, U3) is 

Xi Wi ft + Xj Wa ft + Xfl W3 ft = 0. (2) 

Henoe we have to .find the envelope of the lines common to (1) and (2)^ 
subject to the condition (see (1), §4) • 

i)'«(« - 1)« - DZ)"(« + 1)» = 0. (8) 

Equations (1) and (2) are identically satisfied if we set X 9X9, X3 pro- 
portional to the cubic functions of the coordinates v : 

Vi{u^Vj^ — WgVj)*, Va(waV| — WiVs)*, VsV^i^s — ^^i)^* 

The equation of the envelope, (3), is then separdbla into two cubic faetors. 
These are tiie following, if we denote as usual («, v, — u^v{) by (wv)8f ©te« J 

+ PHU^(uv)x{uv)i(UiV^+ u^Vi)±h >/D"{uv)^{uv)^{uv{) =0, 
where h denotes . Since interchange of the two asymptotes to any one 

conic changes the cross-ratio « into ^ , or + A Into — A, it is evident that only 

one of the two asymptotes touches one of these cubic envelopes, the other asymp- 
tote touching the other. 

The fact that the envelope of asymptotes resolves into two separate curven 
might have been anticipated ft*om inspection of equation (3) ; when « ss 1 the 
envelope is given by JD = 0, but for « = I this is evidently the product of the 
equations, each doubly counted, of the infinite points on the sides of the origi- 
nal triangle (or on the sides of the second triangle of reference, since pairs of 
sides meet at infinity). Hence D mufft be itself a fiquare'of a rational cubic 
function of Vi, Vg, Vg, as seen in (4), 

The envelope just now considered. 
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has the line at infinity for a triple tangent. For « = — 1 the line at infinity ia 
a double tangent, with contacts in /and e/.* Accordingly for every value of 
« or A, each of the envelopes of asymptotes must have the line at infinity for 
a double tangent and the contacts, if determinate, must be in / and J, two 
distinct points. Since each envelope is of class 3 and has a double tangent 
with distinct points of contact, it is of order 4 (like the locus of centres) 
and has three cusps. And since each side of the original triangle is an 
asymptote for each value of a, each envelope of asymptotes touches all three 
sides of the triangle. This fact is obvious also from the equation. From count- 
ing of constants we may conclude, what can be proven rigorously by geomet- 
ric considerations : 

Every tricuspidal quartic^ touching the three sides of a triangle ABO 
and touching the line at infinity in the two circular points^ is an envelope of 
asymptotes of similar conies circumscribed to the triangle ABC. All such 
quartics are three-cusped hypocycloids,t and this fact invites further investiga- 
tion as to their arrangement in pairs when the triangle ABC is given. 

9. The Degeneration of the Sextic Envelope of Asymptotes. 
The reason why each asymptote gives a separate envelope, in other words 
why the envelope consists of two curves of the third class, and not of a single 
cui-ve of the sixth class, is that the coordinates of either of the asymptotes 
may be expressed rationally in tonns of those of the other ; for, as I have 
shown in a recent number of the Annals, J the asymptotes of a circumscribed 
conic are isotomically conjugate with respect to the triangle of reference. 
Thus the tangential equation of the envelope of the asymptote v^Xi + v^x^ 
+ Vg Xg = may be obtained by writing down the condition that this line and 
the line a^Xi/vi + ti^x^/v^ + (?x^/v^ = 0, which is the second asymptote of a cir- 
cumscribed conic having the former line as one asymptote, should intersect at 
a given angle ; and this condition is of the third degree in Vj, Vg, Vji. The 
envelope of the second asymptote is obtained from that of the first by chang- 
ng Vi, Va, Vs to a^Vi, f^/v^, c^/v,. 

Stanford UinvBHSiTY, California- 

* Compare Huntington and Whlttemore: Some carl«ms properties of conies touching 
the line infinity at one of the oircnlar points. Bulletin Am. Math. 8oc., vol. 8 (1901), p. 129. 

fCf. B. Dnporcq, 8ar Thypocyclolde k trois rebronssements, Nouvelleg annalei de math* 
9m<Uiqu$»t ser. 4, toI. 1 (1901), p. 168. 

t Ser. 9, vol. 9 (1901), p. 148. 
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NOTE ON MULTIPLY PERFECT NUMBERS.* 
By Jacob Westlund. 

In the Annals of Mathematics, ser. 2, vol. 2 (1900/01), p. 103, Dr. 
D. N. Lehmer proves that no multiply perfect numbers of multiplicity 3, con- 
taining less than three distinct primes, exist. In an earlier note on Multiply 
Perfect Numberst all numbers of multiplicity 3 of the form pl^ppps were de- 
termined. The object of the present note is to determine all numbers of mul- 
tiplicity 3 of the form m = pVp^p^p^ where j?i,jd2,j?8,j?4 are distinct primes and 
Pi <Pi<Ps <i>4- 

Defining a multiply perfect number as one which is an exact divisor of 
the sum of all its divisors, the quotient being the multiplicity, we have} in the 
present case 

3 ^PijzJM n i^i - Vi^' = ^?^^' - ^ n ^''^^ 

i?l - 1 i=2 Pi - ) i??^ (i?l - 1) < = 2 pi 



(1) 



and 



3< n 



Pi 



From the inequality (2) we infer that^i = 2 is the only possible value of ^i, 



since the maximum value of 11 



Pi 



= iPi- 1 

^ < n 



will exceed 3 only for j?i = 2. Hence 



Pi 



1' 



2 i=iP( 

which gives pt < 7, t. e. the only possible values of ^2 *re 3 and 5. 
I. Suppose j?j = 3. Then we should have from (1) 

2°- + '-l 4 ps+1 p,+ l 
2"' ■ 3 ■ 
or 



3 = 



9 = 



Pi Pi 

2°' + '- 1 i>g+ 1 Pi+ 1 



2«,-2 



Ps 



Pi 



(3) 



* Read before the Chicago Section of the American Mathematical Society, January 8, 



1902. 



t Westlund, Annals of Mathematics, ser. 2, vol. 2 (1900/01), p. 172. 
X Cf. Lehmer, {. e. 
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From this we infer that 



WESTLUJfU. 



or 



/ p,+ l y 9 •2'.-' 9 
V i>» / 2'H + »_ 1 ^8 



j>8+ 1 ^ 3 



Hence ^8 < l*^* •• ^- ^® o'^^J possible values of j^j are 5, 7, 11, 13. 

From (3) we see ttiat 2*"» ■*" * — 1 must be divisible hj p^. Setting 
2*» "^" ^ — 1 = kp^ we have 



which may be written in the following form 



(4) 



(5) 



Hence we must have k > 1 and p^ > 8, and the only possible values of pz are 
11 and 13. It is easily seen that ^3 = 13 does not satisfy (5). Yovp^ =11 
we get from (5) 

3.2«t-«= (i--l)12 
2«i-* = A;~ 1, 



or 



and since 2* • 2**»"* = kp^ + 1 , A; = 



33 



Hence ^4 = 31, A; = 33, (ii=9. 



82 -i>, 

The corresponding number i8m = 2*-3-ll-31 which by trial is found to be 
multiply perfect. 

II. Suppose^ = 5. In this case we should have 



3 = 



2^-^> - 1 6 j>3+ 1 Ih±A 



which gives 



or 



2". 




5 Pt ■ 


i** 


\ P» 


-•)* 


5-2"«-» 
^ 2'H + 1 - 1 


5 

^4 




P3 + 
Pi 


^>|.3. 





(6) 
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Hence the only possible value of j)^ is 7. Setting, as in the first case, 
2«*-»-i - 1 = A:^4 we get from (6) 

35.2««-* = ^•(J>4+ 1) 

or 

3.2«i~* = Ar- 1, 

35 
and A: = -^ 5— . Hence J94 < 11 and since JD4 > 7 this is absurd. There- 

fore j?2 cannot be equal to 5, and the only multiply peifect number of multi- 
plicity 3 of the form m = pVPiP^p^ ^^ the number 2* - 3 - 11 • 31. 

Purdue University, December 1901. 
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A MECHANICAL CONSTRUCTION OF CONFOCAL CONICS. 
By William R. Ransom. 

By the following plan ellipses and hyperbolas whose foci are given may 
be drawn with very fair accuracy and very great readiness. The method was 
devised to facilitate plotting in elliptic coordinates, and it enables one to locate 
points in this system as freely as in the polar and rectangular systems. 

Pins are driven at the foci, A, B^ and a third at (7, which is most con- 
veniently taken midway between A and B. A string is passed loosely around 
the pencil point and the tliree pins in the way represented in the drawing. 
The pencil is then placed at the arbitrarily chosen point P, and the left hand, 
at Hy draws the strings through the fingers until all slack is taken up. All is 




then ready for drawing either the ellipse or the hyperbola through P. Hold- 
ing the strings tightly at H^ draw them down across the edge of the board, 
and the pencil traces a branch of the hyperbola down to the axis. Or hold 
the string tightly against the board between H and (7, while the pencil slips 
laterally in its loop, and we get the ellipse. 

The loop about the pencil may be dispensed with in drawing the ellipse, 
or, in drawing the hyperbola, may be replaced by a small circular link just 
large enough to slip the lead into, tied loosely, as shown at i2, to the two 
ends of the string severed at P. With a little care, however, the tendency of 
the pencil to slide in the loop is not great enough to make it necessary to pre- 
vent this slipping by inserting such a link. 

Tufts Colubge, Massachusetts, 
April, 1902. 
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ON SOPHUS LIE'S REPRESENTATION OF IMAGINARIES 
IN PLANE GEOMETRY. 

By Percey F. Smith. 

The first published paper of Sophus Lie appeared in the Transactions of 
the Academy of Christiania in February, 1869, and was concerned with the 
subject of this article.* So great a rdle does this memoir play in the scientific 
career of the author that a reference to it in the Leipziger Berichte^ 1897, 
p. 726, elicits from him the observation that it formed the starting point of all 
his mathematical investigations.! In fact, the point of view there adopted 
leads in the most natural way to a point-line transfoimation of space which 
specialized gives the celebrated line-sphere transformation, :( and generalized 
leads to a new duality defined by two aequationes directrices in two sets of 
point coordinates, upon which is based the monumental memoir in the fifth 
volume of the Mathematische Annalen (1872) : Ueber Complexe, insbesondere 
Linien- und Kugel-Complexe, etc. 

I propose to give a presentation of some of the results in the paper re- 
ferred to above, and I am led to do this not only for the reason that the original 
lacks clearness and continuity, but also from the fact that Lie's work has been 
apparently overlooked by writers on this subject. § Moreover, I think the 
method to be expounded possesses merits not shared by such other representa- 
tions as I have seen. The essential difference consists in this, that Lie assumes 
the straight line as geometric element in the plane, while other representations 
are based upon point geometry. Thus the latter give a real line in space as 
image of a real or imaginary point in the plane, || while Lie's method also leads 

* The fall title is : Reprasentation der Imaginaren der Plangeometrle. (Jeder plaogeome- 
trischer Satz ist ein besonderer Fall eines stereometrischen Doppel-Satzes in der Geometrie der 
Linien-CoDgraenzen). The paper appeared in two parts, pages 16-88, 107-146, the first part, 
with which we are especially concerned, having preyiously appeared in Crelle, vol. 70 (1809), 
p. 346. My references are to the Transactions. 

t Cf. also Lie-Scheifers, Geometrie der Beruhrungstransformationent vol. 1, p. 826, 448. 

X First published in the note, Sar ane transformation gSomStrlque, Comples Eendus, 
vol. 71 (1870), p. 679. 

$ Of, Coolidge, A purely geometric representation of all points in the projective plane, 
Transactions Amer, Math, 8oe,, vol. 1 (1900), p. 182. 

II For a very simple representation c/. the memoir by Dnport, Sur un mode particolier 
<ie representation des imaginaires. Annates de Vecole normaUj 1880, p. 801. 
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to a real line in space as representative of a real or imaginary line in the plane » 
each real element moreover being its oton image. In Lie's representation there 
is then no change in kind. 

To all such representations of the imaginaries in Plane Geometry there 
are of course two objections : Jlrst^ that generalization to three dimensions is 
futile, and secondly y that the content of propositions in the plane is so greatly 
changed as to be of questionable value. The results of Lie's paper success- 
fully meet the latter objection, I think ; while perhaps all that can be said to 
justify a system such as von Staudt's, which substitutes a real substratum for 
the imaginaries in three dimensions, is summed up in Lindemann's opinion* 
that the recognition of the possibility oi such a representation is a great advan- 
tage. f It is, however, right to add^tiiat von Staudt's work has led to a well 
developed theory of involutions. 

As to the present presentation as compared with the original, I would 
say that the definition which I have adopted in §1 is purely projective, and the 
discussion proceeds in the simplest possible manner therefrom. From this the 
representation of Lie is deduced in §2 us a metrical special case. The latter, 
however, in his paper, makes use of an analytic definition only. He there 
gives, in fact, three different methods of representation, all defined analytically, 
and it is with the second of these (p. 32 I. c.) that we have to do. This is in 
substance identical with the first, as Lie points out, while the third method is 
merely defined and not developed. In the second part of the paper referred 
to. Lie develops synthetically the natural consequences of the representation. 

We shall have to deal in our discussion with the four species of imaginary 
elements in space which present themselves in von Staudt's system, or also by 
allowing the equations of Analytic Geometry to contain complex coefficients. 
These are (1) imaginary points j each lying on one real line, (2) imaginary 
planesy each containing one real line, (3) imaginary lines of the first kind^ 
each lying in one real plane and containing one real point, (4) imaginary lines 
of the second kind^ possessing neither a real plane nor a real point. 

Since the representation introduces the right line as element of space, we 
shall have to do with some of the notions of line geometry.} Thus in §1 

* Clebsch-Llndemann : VorUaungen Uber Oeometrie, yoI. 2, p. ISO. An ezceUent presen- 
tation of von Staudt's theory is given in this volame, page'104. 

t Compare also Professor Scott's critiqne : The status of imaginaries in pure geometry, 
Bull. Amer. Math, Soc,, ser. 2, voi. 7 (1900), p. 163. 

X Eoenlgs, La gSonUtrU regies. Pliicker, Ifette Geometrie des BaumeSj etc. Clebsch-Llnde- 
mann, I. c. p. 41. 
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we are led to the eonfignration of all lines of space intersecting two fixed 
linesy or, in the language of line geometry, to a linear line congruence of 
which the fixed lines are the directrices. The middle point of the common 
perpendicular of the directrices is the centre^ and one-*half of this shortest dis- 
tance the constant of the congruence. I may refer to the text-books quoted 
for further details. 

In von Staudt's system a linear line congruence is the real representative 
of an imaginary line of the second kind, the congruence consisting of all 
lines intersecting this line and the conjugate imaginary line. 

1. QeometrioAl Deflnltioix of the Bepresentation in Projeotive 
Form. Let <rbe a real plane in space, th^ fundamental plane^ and /an im- 
aginary point, the J^Lndamentai painty not in a. Also let Xo» OxeJimdaTnental 
Uney be the real Une of the point /, and let a%» ihejundamentalpmcili be the 
pencil of real lines in <r whose centre p^ is the^o^ of the line Zo, that is the 
point in which Lq meets <r. 

ITien any line I in a may be represented by a real line L in space^ viz.y 
the real line of the plane containing land I. 

The line L is uniquely determined save when I belongs to the fundamental 
pencil, for in that case and in that case only is the plane of /and I real, con- 
taining as it does two real lines /q ^^^ ^ ^^^ accordingly L is now any line 
in a real plane containing the fundamovtal line. If Z is any other real line in 
<!■, then L will coincide with I. 

Conversely^ every real line L in space is represented by a line I of a^ viz. 
the intersection of a with the plane containing I and L. 

The line I is uniquely determined save when L coincides with the funda- 
mental line £o, for then the plane of 1 and L becomes indeterminate and / is 
any line in <r through p^. 

We have therefore established in this way a (1, 1) correspondence be- 
tween all the lines of a and the real lines of space, the uniqueness filing only 
for the lines of the fundamental pencil in a-, and for the fundamental line in 
space. 

It should be noted that I and L intersect in the real point on I. 

Consider now in a the locus of the first class, a pointy. The oo^ lines of 
<r through p are represented by the real lines of oo* planes passing through 
the line Ip. Each of these oo* real lines, however, intersects not only Ip but 
also its conjugate line «7p, where e/and^ are the conjugate points of /and p 
respectively. Hence : 
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Any point p in a is represented by a real linear line congruence whose di- 
rectrices are the conjugate lines Ip and Jp. 

The line of the congruence lying in a is the real line through^. It should 
be remarked also that in general Ip and Jp are imaginary lines of the second 
kind. 

The congruence becomes special, i. e. the directrices intersect, when and 
only when the real line through p belongs to the fundamental pencil. For, since 
p also lies on this line, Ip and Jp are now coplanar and accordingly inter- 
sect in a real point P. The congruence then consists of all lines through P 
and all lines in the plane of Ip and tT/J, i. e. the plane containing P and the 
fundamental line Lq. Therefore : 

A point in a whose real line belongs to the fundamental pencil is repre- 
sented by a special congruence consisting of all lines parsing through a real 
point and all lines in the plane determined by that point and the fundamental 
line. 

If 7; is real, then P coincides with it. 

This association at the qo' points of a-, whose real lines belong to the fun- 
damental pencil, and the x' real points of space is very striking and of great 
importance in the sequel. The point^o ^^ ^ i** represented by all lines inter- 
secting the fundamental line Z©, *. e, by a special linear line complex whose 
axis is the fundamental line. This complex may be called the fundamental 
complex. The fundamental line Zq belongs to every congruence representing 
a point j:? of a-, for it corresponds to tlie line j?/?o« 

Consider, now, a pencil of oo^ lines in a through a point j:), determined, 
for example, by a real parameter. Then we have the following : 

Theorem I. The <x^ lines of a pencil in a whose centre is p are repre- 
sented in space by the generators of one system of a ruled quadric passing 
through I and J. 

Proof The real line in space which represents a line of the given pen- 
cil in a is the intersection of conjugate planes passing respectively through Ip 
and the conjugate line Jp. 

Since the first plane intersects <r in a line of the given pencil, the oc* 
given lines in a evidently give rise to two projective pencils of planes through 
Ip and Jp, respectively, and, by a well known theorem, the line of intersec- 
tion of corresponding planes of two i)rojective pencils generates a ruled quad- 
ric. Finally, Ip and Jp evidently belong to the generators of the other sys- 
tem, and therefore the (fuadric passes through /and J. 
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The quadric degenerates into two flat pencils when the real line through 
p belongs to the fundamental pencil and to the pencil considered. For, as ex- 
plained above, in this case the congruence representing^ becomes special. 

Consider, next, a curve in a- of the second class, a conic Cj. This gives 
rise in space to a line congruence* of the second order ; for through any point 
P in space will pass two lines of the congruence representing the tangents in 
<r to C2 drawn through the foot of IP. 

The cone with vertex / passing through C^ is one of the focal surfaces of 
this congruence ; for if consecutive lines of the latter intersect, then the cor- 
responding consecutive tangents to O^ do likewise, and this intersection is a 
pointy on Cj; therefore the two lines of the congruence belong to a linear 
congruence and can intersect only on Ip. The entire focal surface consists of 
the above cone and the corresponding conjugate cone with vertex at J. The 
line congruence is then of the second order and fourth class. The real inter- 
section of the focal surfaces, in general a skew curve of order four, corresponds 
to the points conmion to O2 and the fundamental pencil. The tangents of this 
curve belong to the congruence. 

If the conic C^ passes through the footj>o of *ihe fundamental line, then 
the real intersection of the focal surfaces degenerates into Lq and a skew curve 
of the third order passing through /and J. Finally, if the tangents to C^ 
through ^0 ^1*6 reeA, then it is readily seen that the above cones have double 
contact on the line which represents the chord of contact of these tangents, 
and therefore their intersection consists of two conies. 

Without prolonging the discussion let it suffice to state that a curve of 
class 71 in <r becomes in space a line congruence of order n whose focal surfaces 
are conjugate cones with vertices /and J. The tangents of the real intersec- 
tion of these cones belong to the congruence. 

2. Lie's Analsrtical Definition as a Metrical Special Case. 
Taking XZ as fundamental plane o-, and one of the circular points in the XY 
plane as /we obtain (using rectangular coordinates) Lie's definition. In fact, if 

ex = bz + a (c real) 

is any line I in XZ^ then the plane through /and I is 

c{x + iy) = bz -^ Uy 
and if 

6 = m 4- ^n, a =: p + iq^ 

* In this connection the reader is referred to Plcard, Traitk d^analyse, vol. 1, p. 801. 
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the real line L of thb plane is 

ex = mz + ^, cy :=znz + q. 

Conversely, given the equations of any real line L of space in this form, we 
obtain the equation of the corresponding line I in XZ by multiplying the sec- 
ond of these equations by t» adding, and then placing y = 0. The plane 

c(x + iy) ^hz -{^ a 

is real when and only when c =s o and ft/a is real. Thus we see that the fun- 
damental pencil consists of all real lines in XZ parallel to XX. The line 
at infinity in XY is, of course, the fundamental line, as is evidenced by the 
obvious fact that for c = o the equations of L reduce to those of the line in 
question, while I becomes z = any constant. «7is the other circular point in 
JTF, and p^ the point at infinity on XX*. 

Any line in a passing through a given pointy (a, /9) is given by 

c(a;-«) = 6(«-/8), 

where c and b are arbitrary constants, c being taken real. The plane contain* 
ing this line and / is then : 

(1) c(« + ty-«)=6(«-/8). 

This equation defines oo^ planes {b complex) through the line Ip 

(2) a + ly =s «, « «=: /8. 

Let a = ai + la^* ff =^ fix + *'A. Now if /8j = 0, i. e. if the real line 
through p belongs to the fundamental pencil, then the line (2) contains the 
real point P (a^ m^^ 0i) and is an imaginary line of the first kind. The real 
lines of the planes (1), if c :^ 0, pass through P; but for c = the plane (1) 
becomes real, and we get all lines of the real horizontal plane through P, 
^ = /3i. 

If however /8| ^ 0, (2) is always an imaginary line of the second kind, 
and the real lines of the x>^ planes (1) intersect (2) and also the conjugate 
line 

(3) a; ^ ly = ai - ia^, z = fii-^ »/8,. 

The lines (2) and (3) are accordingly the directrices of the linear con- 
gruence formed by all real lines in the planes (1). The shortest distance be- 
tween them is 2i/3j|, and the middle point of this line is («!, a^, ^i), so that 
we have, adopting the nomenclature of Pliicker, 
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Theobem 2. In Lu?s analytic representation'^ the vnaginary point 
(«i + iHi fii + */8f ) ffoes over into the oo* lines of a linear line congruence 
whose centre is (a^, o^, fii) and constant ifi^. 

The first method given by Lie in the paper referred to represents the im- 
aginary point (ai -f i«2» fii + « A) by the real point of space (Oi, <H, /8i) , to 
which is assigned a weight ^. He very soon points out (page 20) that ^ 
measures the constant of a line congruence, but adheres by preference to this 
representation throughout the paper. The qo^ points of the fundamental plane 
for which /S^ = 0, t. e. the points whose real lines constitute the ftindamental 
'pencil, he calls null points^ which name I shall adopt. The important point 
is this, that each null point is represented by a special congruence whose cen- 
tre is a real point P and whose plane is the plane PL^. We may say, indeed, 
that the image of the null point is P itself, and conversely the special congru- 
ence constructed as aforesaid with P leads back to the original null point. 
Ambiguity enters only for the point ^o which gives any point in the fundamen- 
tal line. 

Theobem 3. Lie's representation establishes a (1, 1) involutory corre- 
spondence between the lines of the plane and the real lines of space in which the 
fundamental configurations arc, in the plane apencilofreal lines^ and in space a 
line through the vertex of this pencil. By this is also set up a (1, 1) involutory 
correspondence of the co* points on the lines of this pencil (the null points of the 
plane) y and the real points ofspace^ and the uniqueness fails only for the vertex 
of the pencil. 

In this theorem are set forth the peculiar merits of Lie's method to which 
I have already referred. 

It is to be observed that the combination of null point p and line con- 
taining p is represented by a real point P and a real line through P. Also 
the range of null points on any line I is projective with the real range on the 
corresponding line in space. 

3. Correlation in the Plane and the Corresponding Point- 
Line Transformation of Space. On page 35 of Lie's paper is introduced 
the question of what arises in space when the representation is carried out on 
a correlation in the plane. The answer is inmiediate, for since the oo' nul- 
points of <r go over into oo' lines, then we obviously have a transformation 7 
of the ao' points of space into an assemblage of <x>' lines, t. e. a line complex 

♦ LUy I, c. p. 83. 
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r. The general features of Twe may deduce by considering a polar recipro- 
cation in <r with respect to a conic C% (Lie, §27) . Since if ^ in <r reciprocates 
into /, then any null point of I corresponds to a line through/), we may state 
one fundamental property of T thus : 

Theorem 4. If a point P in space describes a line L of the complex T, 
the corresponding line will turn around the point corresponding to i, i. e. will 
generate a cone whose vertex is thai point. 

We next determine the degree of this cone (which we shall call a complex 
cone), which will give us the order of the line complex. K P describes an 
arbitrary line L the corresponding «>* lines of F will represent the oo* lines of 
a pencil in cr, i. e. by Theorem 1, will be generators of one system of a ruled 
quadric through /and J. Hence 

Theorem 5. The complex cones of F are quadric cones through I and e/, 
and therefore F is a line complex of order 2. 

Consideration of the relation of C^ to the fundamental pencil in <r will 
lead to the singular properties of F. In the general case, po reciprocates into 
a line Iq which corresponds to a line Lq of F. Then, as P describes Zq? the 
corresponding complex cone must degenerate into two planes ; for the vertex 
must correspond to the base point ^o» **• ^-^ is any point of IJ. We assume 
this plane-pair real,* say Ei and U^j intersecting cr in li and l^. Now the oo^ 
lines of F are grouped in qo* linear congruences representing the range on /q 
into which the lines of the fundamental jMjncil reciprocate. Two points of 
this range are null points, viz. the intersections of Iq with Zi and l^ ; hence 
two special congruences belong to F ; their centres are the intersections of 
Lq with El and E^, and their planes are Ei and E^. If Ai, A^ are the points 
of intersection of Lq with Ei, E^y then Ai transforms into any line in E^ 
while any point in E^ gives a line through Ai. And since an arbitrary line L 
in space intersects Ei and E^y as P describes L the iniled quadric generated 
by the corresponding complex line passes through Ai and A^. The complex 
cones then also. contain these points. We then easily obtain the following 
definition of F : 

Given the tetrahedron A^A^IJand a complex line L, then F consists of the 
generators of the oo* ruled quadrics circumscribed to the tetrahedron and contain- 
ing Ly which belong to the same system as L. 

For ifp is the pole of Z, and V any line through^, then the oo* null points 

* This assumption is made in order to ase oar representation. 
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on V give the genemtors of such a quadric ; and all Ihies of F are deter- 
mined by taking for l' any line through 7;. Since the definition is symmetri- 
asl with respect to the vertices of the tetrahedron, we see that every line 
through each vertex and in each face of the tetrahedron belongs to F. The 
complex F is then known to be a tetrahedral complex.^ The complex lines 
intersect the faces of the tetrahedron AiAilJm a constant cross ratio. 

Theorem 6. The general polar reciprocation in the fundamental plajie 
yields^ under Lie's representation ^ a tra)isformation of the co^ points of space 
into the lines of a tetrahedral complex^ the points I and J being vertices of the 
fundamental tetrahedron,^ 

The complex F will degenerate and the transformation take on special 
properties if we assume a special relation of C^ and the fundamental pencil. 
For example, let the point pQ be on C^, Then it is readily seen that the 
complex has two singular points /, e/and two singular planes intersecting in 
IJ. These planes intersect <r in the tangent to Ci at^^o ^^^ ^^ ^^ conjugate 
line. Without discussing the corresponding transformation, consider next 
what arises if ^0 reciprocates into a line l^ belonging to the fundamental pen- 
cil. Then F degenerates into two special linear complexes, whose axes are the 
I line IJ and a line in the plane IJIq, The corresponding transfonnation of space 

I becomes very simple. This case, however, as well as others of particular in- 

j torest, appear if we do not limit ourselves to a reciprocation. J 

j Consider then a correlation in <r such that ^0 transforms into a line l^ of 

\ the fundamental pencil. Then a second line Vq (in general imaginary) through 

^0 will transform back into ^^o- ^^ ^be first instance the fundamental pencil 
correlates into a range on Iq not including p^^ and the corresponding complex 
in space consists of 00' special linear congruences whose centres lie upon a 
j non-degenerate conic tlu'ough I and Jm the plane of IJ and Iq. That is, 

' the complex F is now a special quadratic complex consisting of all secants of a 

1 conic through land J. On the contrary the range determined on Iq dual with 

[ the fundamental j)encil contains one null point Pqj and accordingly the. com- 

plex arising in .space degenerates into two linear complexes one of which is 



* The reader is referred to Lte-SchefferSi Z. c. p. 311, for an excellent discussion of this 
-complex. 

t This transformation was first remarked by Reye in 1868. Cf. Oeometrie der Lage, zweite 
Abteilung, p. 125. 

X Lie discusscM only the case of a reciprocation, and thas the line-sphere transformation 
4id not appear until later, as already remarked. 
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th(» sj)ecial complex whose axis is /«/, i. e. the fundamental complex. Am- 
bi<ruity in space is best avoided by rejrarding the transformation as a duality 
between two spaces r and R, such that the points of each correspond to the 
lines of a line complex in the other, these complexes being in R all secants of 
a fixed conic, and in r a general linear complex and the fundamental complex. 
We note here the Cvssential characteristics of the line-sphere transformation ; 
for the range on an arbitiury line in r must give rise to a ixiled quadric con- 
taining the fixed conic, and if the latter is the imaginary circle at infinity, the 
quadric becomes a sphere.* 

If we require that Iq also shall belong to the fundamental pencil, then the 
range on Iq does contain ^O' &nd ^^ readily see that the complex in either i? 
or r degenerates into two special complexes, one of which is the fundamental 
complex. 

The consideration of other special cases would not be without interest. 
Those enumerated may suflSce in this place, however, and are moreover par- 
ticularly signalled by Lie in all references to this subject, f 

4. Duality of Space Defined by "two BUinear Equations. 
Writing the equation of a correlation in XZ in the form 

(4) (Ax + Bz+ C)X+ {A^x + B'z + C')Z + A^'x + B'^z + C" = 0, 
or also 

(5) {AX-\- A'Z -v A'^)x+ {BX^^ B'Z + B")z+ CX ^ C'Z ^- C" = 0, 

and confining ourselves to null pointSy i. e. to real values of z and Z, then 
writing x -f iy and X -\- lY ior x and X respectively, and separating (4) into 
real and imaginary parts, we obtain 

((>) (a + ia') (X+ lY) + (c ^id)Z -vb-V iV = 0, or 

(aX-a'Y-hcZ -\'b =0 
^^^ la^Y+ aF+ &Z + b' = 0, 

that is since a, a\ 6, 6', c, c' are Imear in x, y, «, ttoo bilinear equations. De- 
noting space by r or R according as we represent a point by x, y, «, or X^ 
Yj Zj we may state 

* Any point of B not on the fixed conic corresponds in r to a line of the general linear 
complex. But a point on that conic gives all lines in a plane through the axis of the funda^ 
mental complex. This representation of the general linear complex upon point space was first 
noticed by Noether, Qminger Nachrichten, 1869, p. 805. 

t Cf. f. g. Mathematische Annalen, vol. 5 (1872), p. 165; Leipziger BerirMe^ 1897, p. 728. 
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Theorem 7. Lie's representation applied to a correlation in the plane 
leads to a duality in space defined by two bilinear equations, 

PlUcker discussed the duality in space defined by one aequatio directrix, 
but it remained for Lie to extend tliis notion to two e(|uations, and the dis- 
covery came about precisely in the manner outlined above.* 

The discussion of (7) is very simple, and the properties of the transfor- 
mation deduced above are very easily established. The line a = 0, a' = is 
Lqj and its points of intersection with the ruled quadric 

c ~c' 

are Ai and A^j and each of the points gives in i? a plane Z = const. Further- 
more, the point I in M corresponds to the plane a — ia' = 0, i. e. the plane 
AiA2Jin r, etc. 

Turning now to special cases, suppose po in r, i, e. the point at infinity 
on XX^j gives a line through that point itself. For this it is necessary and 
sufficient that ^ = 0. The line a = 0, a' = 0, now becomes the line at in- 
finity in XYy and the singular tetrahedron reduces to /f/and two planes par- 
allel to XY. 

Suppose, however, thatj^o in r gives a real line Iq through it; then from 
(5), A' /A" must be real. And as we may take, without loss of generality, 
the line at intinit}' in XZ for ?o» A' becomes zero and (4), (5), and (7) re- 
duce to 

(«) {Bz + C) X+ (B'z + C')Z + A'x + B^'z + (7" = 

(J>) A!'x + {BX^ B'Z + B')z + (7X+ C'Z + C" = 0, 

1 {<z 4- a[) X H- {a^z 4. a^) F + {c'^z ^ c\)Z -\- b' = 0, 

wliere b and b' are still linear in x, //, z. 

Taking now any line in r, x = mz -f ^, y z= nz -^ p, substituting for x 
and y in (10), and eliminating z, we obtain a quadric whose tiuce upon the 
plane at infinity is readily found to l)e given by 

(a.al,) (X^ + r^) + (cici) Z« + [(aoC,) + (air[)] YZ + 
* Cy. Mathoman'sche Annalen, vol. 5 (187J), p. 143-167. 
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in which the parentheses denote determinants. This conic obviously passes^ 
through the circular points / and «/. 

The constants in (8) may be specialized with no loss of generality -so 
that 

i? = I, (7 = - 1, i?' = - 1, C = - 1, ^" = - 1, B" = C" = 0. 

In fact, this amounts to choosing (0, 0, 0), (0, 0, 1), and (1, 0, 0) in R to 
represent in r the axis ZZ^ and the two minimum lines in xz passing through 
(— 1, 0, 0). We thus obtain from (10) the equations 

while the conic (11) becomes 

(13) X* + r^ - j^2 ^ 0. 

To obtain then from (12) the line-sphere transformation it suffices to 
replace Z by iZ, and these become 

i x+iZ + x + «r=o, 

^^^^ l^(X+iZ)--y- r=o. 

These equations agree essentially with those adopted by Lie* by merely 
interchanging Z and Y. 

From the equations (9) we see that the point at infinity on XX' in R 

gives in r an imaginary line in XZ when BjC is not real. The discussion of 

the previous section shows then that the line complex in r degenerates into a 

general linear complex and the special complex whose axis is IJ. We may 

readily verify this from the equations (12), for solving these for x and y, we 

have 

(x = - F^-(X+ Z), 
(15) \ ^ 

Comparing these with the equations x = ra 4- p, y = «2 -f cr as written by 
Pliicker, we find 

r = -r, p = -(.Y+Z), 8 = X^Z, <T = --Y, 

* A detailed study of the line-sphere transformation is given in Lie-Schetfers, BerUh^ 
7'ungstransformntionen, chap. 10. p. 411. 
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and for the remaining line-coordinate,* 

Then any point (X, F, Z) not at infinity on the cone X« + T* - Z* = 
corresponds to a unique line of the general linear complex 

r - <r = 0, 

but the points excluded lead to the special linear complex 

77 = 0. 

Finally, if the ratio B/C in (8) is real, aja^ — 0©^ = 0, and the conic 
defined by (11) and the plane at infinity degenerates into two lines one of 
which lies in the plane XY; i. e. the line c<Hnplex in either 72 or r consists 
of two special complexes one of which is the fundamental complex. As before, 
any point in i? not on the degenerate conic at infinity corresponds to a line of 
the special complex in r whose axis is diflferent from IJ. An example of this 
case is afforded by the polar reciprocation 

(16) 2Z + X+ a; = 0, 
which corresponds to the transformation of space 

(17) \ 

Any point not at infinity in XY or XZ corresponds to a line parallel to 
the plane XZ. 

Lie remarks that the transformation (17) is identical with that made use 

of by Euler and Ampfere in the theory of partial differential equations of the 

first order, viz. 

dz 
X = p, F+ y = 0, Z + a + /;» = 0, j> = — , 

ex 

and in tact (17) come from these by elimination of^. 

Summing up, then, we may state 

Theorem 8. The transformation of space established by two bilinear 
equations in the variables (x, y, z) and (X, Y, Z) leads to a duality of the 
spaces r and R in which the points of either correspond to the lines of a line 
complex in the other. In the general case, these complexes are general tetra- 



♦ Cf. Clebscli-Liiidcmann, I. c. p 44. 
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178 SMITH. 

hedral complexes. The special cases (1) ivhen the complex in r degenerates 
into a general and a special linear complex and that in R into all secants of a 
conicy and (2) when the complexes in both spaces degenerate into linear com- 
plexes^ present themselves naturally and are among the most important of the 
special cases. 

Of course, by a projective transformation in either r or iZ, or in both, 
the equations (7) assume the general bilinear form. A discussion of all 
special cases would seem to be not without interest. 

5. Point-Line Transformation in General. In 1871 Lie at- 
tacked the problem of the determination of all algebraic transformations of 
space such that all points go over into the lines of a line complex, and the 
lines of a line complex into the points of space. He was unable, at that time, 
to solve the problem completely, and contented himself with the remark that 
all* (1, 1) transformations are given by bilinear equations. The solution was 
finally given in his paper Liniengeometrie und Berllhrungstransfonnationen, 
Leipziger Berichtej 1897, p. 687, and the results are recapitulated on page 
740. It turns out that the only cases in addition to those defined as above 
are : 

(1) The complex in r is a general linear, and in i? a special quadratic 
complex consisting of all the tangents of a general quadric. 

(2) Both complexes are special and consist of the tangents of develop- 
able surfaces, and one of these (or both as above) may become a special linear 
complex. 

The first case arises in the simplest possible manner by using a point 
transfonnation given by Darbouxf by which the secants of a conic become the 
tangents of a general (juadrie. This is done by taking the case discussed 
above of a general linear complex in rt and the special complex in /? of all 
secants of a conic, and transforming R by Darboux's point transformation. 

Examples of the second type are derived by setting up a (1, 1) corre- 
spondence between the generating planes of two developables, and then as- 
suming a duality such that a line in one plane shall correspond to a point in 
the other. The duality may be established, for example, by taking the con- 

* With this exceptioDf that the general case when both complexes are linear and special 
is not completely represented. Of. Lie, Mathematische Annalen, vol. 5 (1872), p. 167, footnote. 

t Darl)onx, Lemons sur la theorie gSnSrale des surfaces, vol. 3, p. 493. 

t The fundamental complex may be omitted in the statement for it arises from the « * 
points of the fundamental conic in R. 
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jugate of the given line with respect to a quadric, and the point of intersection 
of this conjugate with the corresponding plane of the other developable. In 
this way is obviously established a correspondence of the points of space and 
the tangents to a developable such that point and tangent through it go over 
into a like combination. 

It is to be remarked that both complexes are general in one case only, viz. 
when both are tetrahedral complexes. 

Sheffield Scientific School, 

New Haven, Connecticut, 
March, 1902. 
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NOTE ON THE GROUP OF ISOMORPHISMS OF 
A GROUP OF ORDER p^. 

By G. a. Miller. 

The first part of the following note is devoted to a study of some of 
the properties of the holomorphisms of a group of order p^^ p being any 
prime, which correspond to operators whose order is a power of p in the 
group of isomorphisms. In the second part an abelian subgroup of the group 
of isomorphisms of any abelian group of order ^"» is determined. It is proved 
that this abelian subgroup is one of a series of conjugate subgroups which 
have in common the invariant operators of the group of isomorphisms. 

1. Let P represent any group of order p^y p being any prime, and let 
Pi, Pg, .... P^ represent any series of subgroups of orders /?, ^*, . . . . p^ 
respectively such that P._i is contained in P„, a = 2, 3 .... m. The 
main object of this note is to consider all the holomorphisms of P which can 
be obtained on condition that every operator of P. which is not in Pa_i cor- 
responds to itself multiplied on the left by some operator of P.-i.* It will 
first be proved that all such holomori)hisms of P correspond to operators of 
order /)^ in the group of isomorphisms (i) of P; and, conversely, that each of 
the holomorphisms of P which corresponds to an operator of order p^ m /is 
of this form. 

If <i, t^ are any two operators of / which correspond to two such holomor- 
phisms, then must tit^ have the same proj)erty. That is, to the totality of the 
possible holomorphisms for any series of subgroups such as Pi, Pj, .... P„ 
there corresponds a subgroup (/i) of /. Let ^ be any operator of /i- In the 
holomorphism which corresponds to ^ some operator {s) of P corresponds to 
SiSy where .S| is conmiutativet with t^. From this it follows that <r"«Q = «i^, 
and hence the order of ^ must be a power of p. Since t^ is any operator of 
/j it follows that the order of 7i is a power of p. When P is abelian this re- 
sult may also be obtained by means of the known formula} 

fi(n--l) . . . (n — r + l) 
^""««^"=«.+»<+n-l »a + n-r r\ ... -Sl^yS^ 

♦ O/. BuTQside, Theory of Groups of Finite Order, 1897, p. 249. 

t In the sabstitatioD group of degree p"*, determined by the two groaps P and /. Cf. 
Bu inside, Z. c.,/). 227. 

X Builetin of the American Mathemcttical Society, vol. 7 (1901), p. 351. 
(180) 
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whenever 

r\<i^t = Sp^iiffi, /9=:«, «4-l, « + »— I; 

for «a_|.„ is the identity if 7i > m — 1, and n may be so chosen that each of the 
exponents 

n(7i — \) ' • • - (71— r 4- 1 
'*» — zj-^ 'i 

is divisible by any power of p. 

Frobenius has proved that in a group (P') of order ^*'»' the total number 
of subgroups P" of order p^" (m" < m') is = 1 mod p. If P' is an invari- 
ant subgroup of our main group P of order ^"•, a group P" is invariant either 
under P or under one of a set of sul)groups P" conjugate under P. As the 
total number of these conjugates must be a multiple of p^ it follows that the 
number of subgroups of order/?"*" which are contained in P' and invariant 
under Pis = 1 modj?. • 

We consider now any subgroup / of /, the order of / being p^y and 
prove that it is a subgroup /i related in the way explained in the first para- 
graph to at least one series of subgroups Pi, Pj, • • • P^ = P of P, in which, 
furthermore, every subgroup P. is invariant under P. The group /j con- 
nected with an arbitrary series of subgroups is such a group /, and it is con- 
nected also with a series of subgroups of the particular character just specified. 

The subgroup / of / leaves invariant P = P»», and at least one of its in- 
variant subgroups (Pot-i) of order /?"*""^, ^ince its order is a power of ^ and 
the number of such subgroups is = 1 mod^. Similarly it leaves invariant at 
least one (Pm-j) of the subgroups of Pm-i which are of order ^'""■* and in- 
variant under P^. And so on. Thus the group / d^es leave invariant each 
one of a series of subgi'oups Pj, . . . P^ of the kind specified. But further 
it leaves it invariant in the way specified in the first paragraph, as one readily 
proves ; for the quotient group P^^i/P^ is of order ^ and its group of isomor- 
phisms is of order 2? — 1, which is prime to the order of /. Such subgroups 
as Ii depend, in general, upon Pj and also upon the manner of selecting P^, 
Ps, . . . ., P,„_i after Pj has been chosen. In paiticular, when P is cyclic, 
these subgroups can be chosen in only one way, while they can be chosen in a 
number of wajs depending upon m when P is abelian and of type (1,1,1,...). 
In the latter case the totality of the holomorphisms for one series of subgroups 
such as Ply J9.2, Pm is evidently the same as that for any other series, so 

m (m--l) 

that /|, w^hich is of order p 2 , has just as many conjugates under / as 
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there are different ways of selecting such a series ; viz. (/)"• — l)(jj"*""* — 1) 
(p — I) -J- (/>— l)". Kach of these conjugates is tlierefoi-e invariant 

m{m — 1) 

in a subgrouj) (I^) of /, whose order is p * (^ — l)"». Moreover, the 
quotient group /2//1 is the direct product of m cyclic grou|>s. 

In the last example it was observed that, if any of the subgroups Pj, P^, 
.... P«_i is replaced by a different one, the corresponding subgroups of 7 
will be conjugate, but not identical with /i. This is clearly always the case 
when a holomorphism of P inay be obtained by multiplying an operator of I\ 
b}^ an arbitrary operator of P.-i, « = 2, 3, m. When the last condi- 
tion is satisfied, let /^ represent the largest subgroup of / in which /i is in- 
variant. We proceed to prove that IJIi is always a subgroup of the direct 
product of cyclic groups of order 7^ — I . 

In all the holomorphisms which correspond to /j, each of the subgroups 
J\j Pj, , P„ corresponds to itself, and conversely, if each of these sub- 
groups corresponds to itself in any holomorphism of P, this holomorphism must 
correspond to some operator of T^* In all these holomorphisms the operators 
of P„/P^_i (« = 2, 3, . . . ni) correspond to some power of themselves. Let 
<4, /j be any two operators of /j and consider the holomorphism which corre- 
sponds to the commutator of ^7*^5* t^ ^5. Since all the operators of P./P._i 
must correspond to themselves in this holomorphism, it follows from the pre- 
ceding paragraph that the order of /7 * ^5 * t^ t^ is a power of p. Hence /i, which 
is composed of all the oi)erator8 of / whose orders are jiowers of p^ must 
include all the commutators of 7. As the quotient group with respect to 
any invariant subgroup which includes the commutator subgroup is abelian,* 
7j/7i must be abelian.t Furthermore, since the groui)s 7^./P._i are of order 
p and correspond to themselves in all these holomori)hisms, TJIu must be in- 
cluded in the direct product of cyclic groups of order p — I. 

It may be of interest to observe that a change in the series of subgroups 

Pi, Pj, Pm-i does not necessarily affect I^, For instance, when P 

is the direct product of two cyclic groups (Ci, C^) of orders ^^■'""S ^ i-espect- 
ively (m > 2), its groupof i8omoq)hism8(7)is of order/?*" (p — l)*.t In this 
case, let (7i equal Pm-i- This detennines the series P,, P2, . . . Pm-i ^nd 
the corresponding Ix is clearly of order j^'""*. The subgroup T^ includes all 



♦ Quarterly Journal of Mathematics, vol 28, 189G, p. 2(u. 

t WeDdt, Mathematuche Annaletiy vol. 56, 1901, p. 480. 

X Cf. Transactions of the American Mathematical Society, vol. 2. 1901, p. 260. 
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the operators of / which satisfy the following conditions : the ordei^s are 
powers of^, and they tiunsform each of the cyclic subgroups of order I^-^ 
in P into itself. When 7^,„_i is replaced by any other cyclic subgroup of 
the same order, the remaining subgroups of the series Pi, Pj, .... P^—i ^"^'^ 
not be changed, and die corresponding subgroup of /clearly satisfies the same 
condition as before, and hence it is identical with /j. 

2. In what follows it will be assumed that P is abelian. If ^*« is tlie 
highest order of an operator in P, then it is possible to obtain ^»«~* (^ — 1) 
distinct holomorphisms of P by raising each one of its operators to the same 
power. It is known that these holomorphisms correspond to the 7>*»~^ (i> — ^ ) 
invariant operators of /.* We proceed to consider an important abelian sub- 
group of / which includes the chaiucteristic subgroup composed of these in- 
variant operators. 

Let ^1, H^, Hn be any set of independent generating cyclic sub- 
groups of P whose orders are ^*s ^*», .... pK respectively ; and consider 
any holomorphism of P in which each of these subgroups corresponds to itself. 
It is clearly possible to establish an arbitrary holomorphism of one of these 
subgroups with itself without affecting the holomorphism of any one of the 
other subgroups. Hence it follows that the totality of the holomorphisms of 
P in which each of these subgroups corresponds to itself must correspond in / 
to the direct product (A) of n cyclic groups of orders 

respectively, whenever J9 > 2. When p = 2, the subgroup ^ is the direct prod- 
uct of a group of order 2'» and of type (1,1,1) and n cyclic groups 

of orders 2*»~*, 2^""*, 2*'"—^ respectively. The only case in which A 

reduces to the identity is when P is of type (1,1,1 ) and p = 2. 

Let Sij Si^ Sn represent a set of generators of the cyclic sub- 
groups Hiy fl^, Hn respectively, and let //'j, H'^, .... 7/'„ represent 

a second set of independent generating cyclic subgroups of P. At least one 
of the latter subgroups (Hi) is not generated by a single one. of the oper- 
ators of aS'i, /S'a, Sn- A generator of HI is therefore of the fonn 

Sa' Sp' , where at least two of the exponents aj, ySi, . . . . differ 

from zero. As the subgroup A(p>2) includes some operator which trans- 
forms Hi into itself, multiplied by some operator which i^ not found in HI, it 



* Cf. the last foot-note. 
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follows that A tranafcyr'His into itself each member of only one of the posmble 
sets of independent generating cyclic subgroups of P, whenever p > 2. 

From the preceding paragraph it follows that A has as many conjugates 
under / as there are different combinations of generating subgroups of P, 
whenever p is odd. In this case / contains no operators that transform A 
into itself besides those of A and those which transform the totality of the 
subgi'oui)s Hi, H2, . . . . i/„ into itself, but permute some of them. The 
latter operators exist only when at least two of the independent generators of 
P are of the same order. Moreover, P (contains no operator besides the 
identity which is invariant under A. 

When p = 2, all the operators of order 2 in P are invariant under -4, and 
hence A reduces to the identity when 7^ is of type (1,1,1, . . .),as was ob- 
served above from another point of view. Since all the operators of A do 
not transfonu into itself any operator of P whose order exceeds 2, they can- 
not transfonii ea<'h of the subgroups //J, H'^, .... //'„ into itself unless 
the order of no more than one factor in the product fSl^^bp .... exceeds 2 
for every H'^. This condition is clearly sufficient as well as necessary. 

All the conjugates of A have the ^«i-"^ (j? — 1) invariant oi>erators of / 
in common for all values of p, since each of these operatoi-s transforms every 
subgi'oup of P into itself. 

Moreover, it is easy to prove that every operator (^) which is found in all 
the conjugates of A is also included among these invariant operators of 1, 
From the fact that the product SiJS^ . . . S^ may be used as an independent 
generator of P it follows that 

t-^fSiSi . . . . Slnt = (SiSi. . . S^y and t-^Sit=iSf* * = 1, 2, . . ., ?i. 
Hence 

We may therefore set ySi = ySj = • • • = /8„ /8. Since t transfoniis each gene- 
rator of Pinto its /8th power, it also transforms each operator of Pinto this 
power; tliat is, the p*i- ^ (i> — 1) invariant operators of I are the only ones 
which are common to all the conjugates of ^1 under I. 

STAN>X)RD Univrrsity, 
January, 1902. 
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EVALUATION OF SLOWLY CONVERGENT SERIES.* 
By L. D. Ames. 
1. General Theory. Any convergent series 

S=^\Ux + itf^+ ?^s+ • • • (1) I ' I 

can be written in the fomi : 

/Sf=iwi + J[(«i+ "2) + K+ M+ • • •]. (2) 

Repeating the process on the series in brackets we have : 
^S' = iai + i(Mi + W4) + i[(wi + 2^2 + ?(s) + (m, + 2w8 + M4) + . .], (3) 
/S = 4wi + i(wi + u^) + i(wi + 2w, + u^) 

+ i [(«^i + 3w, + 3?/.3 -h ?i4) + (Mi + 3^3 + 3u4 + u^) + • •]» (4) 
and in general : 



+ ^^[wi + (* - 1)^2 + ^ Y:y ^ W3 +••• + «*] + i?x., (5) 



where 



1 r i(A,_. 1) 

= 2*L^"» + *'** + 1T2 "» +•••• + «t+i) 

+ (Mj + Aj<, + ^^^ «4 + • • • + «* + j) + • • -J. 



(6) 



It will be proved in §3 that 

liin Rj, = 0. 

Assuming this for the present we see that (1) may be written in the fomi : 

*'= 2^1 + 2^2("i + ^^2) + 23(^1 + 2^2 + U3) + . ' (7) 

* Read before the American Mathematical Society at its meeting, April 2fi, 1902. 

(186) 
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It turns out, in a large variety of slowly convergent series in which the 
positive and negative terms are about evenly Imlanced in number and aggre- 
gate value throughout the series, that series (7) converges rapidly and the 
error made by stopping at any term is less than the last term added. In prac- 
tical computation this fact will often be sufficiently evident from a simple in- 
s{)ection of the series. The question of finding an upper limit to the error will 
be considered later. See §5. 

2. Illustrative Examples. We will now illustrate the method de- 
scribed in the last section by applying it to some numerical examples, and in 
doing so we will indicate a number of slight modifications which are often ad- 
vantageous. 

r, f T c»/ X • '*^in 2x sin Sx 
Example I. f^(x) = sm x — — h — .... 

To evaluate this series when x = 50"* we may tabulate the work as follows : 



n 


«« 


«» + ''»+i 


2«» + J+-- 


3-. + 1 + -- 


♦«• + .+ • 


+ .0308 




1 


+ .7660 


+ .2736 


— .0521 


— .1256 


— .0493 


+ .0446 


2 


— .4924 


— .8257 


— .0785 


+ .0763 


+ .0801 


+ .0138 




8 


■+■ .1667 


+ .2522 


■+- .1498 


+ .0038 


— .0663 






4 


+ .0855 


— .1024 


— .1460 


— .0701 








5 


— .1878 


— .0436 


+ .0759 










6 


+ .1443 


■+■ .1196 












7 


— .0248 















The first terms of the successive columns corresiwnd to the terms of (7). 
/S'= iX.7rt«)() + iX .2TMy - JX.():)21 -h • • • + y^X.044« + • • = AU4 +. 
But jS{x) =^, therefore the correct result is .4H6H3. For x = 10** the same 

it 

series gives a result correct to four places by the use of four tenns. 



Example II. 



,s,- = JL _-L + J. 

log 2 log 3 log 4 
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EVALUATION OF SLOWLY CONVERGENT SERIES. 

We compute the table as before : 



187 



n 


«n 


«« + «« + ! 


8«« + l+- 








1 


1.4427 


.5825 


.8436 


.2647 


.2026 


.1688 


2 


— .9102 


— .1889 


— .0889 


— .0521 


— .0848 




3 


.7213 


.1000 


.0368 


.0178 




• 


4 


— .6216 


— .0632 


— .0190 








5 


.5581 


.0442 










6 


— .5189 













A slight inspection shows that it is best to suni two terms separately, using 
the terms in heavy type. The terms above those used need not have been 
computed . 

jS= 1.4427 - .9102 + |ix .7213 -fix .1000+ - -j = .9239 -f . 

This result is correct to the third place of decimals, as can be proved by §5. 
Example III. The reader may compute 

for X equal to or near 1, and /a any desired value. (0/1 Byerly, Fourien^H 
Sei'iesand Spherical Harmonics^ p. 152.) 



Example IV. 



TT , 1 1 1 
4=^-3 + 5-7-^ 



Since the more slowly the original series converges the more rapidly the re- 
sulting series converges, we sum ten terms separately and apply the transfor- 

TT 

mation (7) to the next eleven. We obtain — = .785398163, correct to nine 
places (cf, §5). 

Example V. *'=1-2?^3^""4p"^''''^^ l^OQl^ 

Sum four terms separately, and apply the transformation to the next seven. 

(§5-) 



8 = .693309 + i?, ^ < .000003. 
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188 AMES. 

Example VI. ^= 1 + 1 + 1 + 1 + . . ., p = 1.001. 

'^= 2?3T {^-h-^h ■ - )^ 1000.663 + R, (Ex. V.) 

R < .004. 

, Trrx c , 5-7 5- 7. 9-11 
^xami,feVII. ^=1 + 00 + 8.10.12.14 + ' ' '• 

'^=«[^-M^8-liB+-'-]=^-^*i+^' ^<-««« 

by the use of four terms {cf. §5). 



, TrxxT o, 111111 1 
JS?xa»npZe VIII. ^=H---- + - + ___+g + Yi- • • • • 

Group the terms thus : 

Computing the table as in Ex. I, the fifth column is seen to consist of 
positive terms. It will not be useful to obtain another column. By (5) : 

/S^= iX 1.333 + iX. 833 + iX.676+ iVX.612 + J. [.593+ .013 + .030 

+ .003 + • •] = 1.037 + . 

Here the degree of accuracy is not evident. There is strong probability 
that the result is much closer to the true value than could have been reached 
by simply adding terms. This example illustrates the limitations of the 
method ; also how it will usually become evident if the method cannot be 
profitably employed in its entirety, and how it may still be more or less useful 
in a modified form. 

8. Proof of Convergence. We will now complete the i)roof of (7) 
by showing that the remainder Rj^ of (6) approaches zero as k becomes infinite. 

R, = R', + R'l + i?r. 
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EVALIATIOX OK SLOWLY COWKKGENT SEKIES. 181> 

where 

/, , A(A-l) /.(A-l) ,\ -| 

ii'ii = "i+i + "k+i + ••••• 

Our thooroni will Ix' proved if we can show that a positive e liaving been 
chosen at pleasure, a positive m exists siidi that wiien /• > hi: 

|7/;!<i, \ii'l\<\, \m'\<\- 

Since the i/.-f>eri(»s eonverjros, >'/''' can be ehosen so that | li'l' \ < e/H wlien /* > w'". 
Siniilarlv ehoose in" so that when k > r > ?n" : 

\f(r^i -f '^.+,> -f '0.1 < e/:i- 

li^/. is of the form : 
where 

< Vr~\-l < Vr + 'l < < Vl' < ^^ 

Ilenee, bv a well-known lennna of Abels,* when k > r >>//", 

\Ii^\<e!>\. 

liet J/ b<» a positive constiint greater than the absolute value of an}' term 
of the /^-series. Then 

,''*•:< 2* L + ^ !•-' + + 1.2. . .(r-1) J 

Mr' r /.(/.-- 1) • • • • (J^-r+2)-| .. , , 



.V/--^ r /.(/.-- 1) • • • . {k-r+ 2)- | 

> L i--^- • • 0-1) J' 






* Cf. for instance Tannery : Throne (Us fonrtions d'une variahJe, p. !>5 
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11)0 AMES. 



Put A- = r*. then | i?i. | < ^ = J/ (j^ 



But '"" ^ 



Therefore 7n' can be chosen so that |i^i.| < e/3 when A' > m'. 

By taking m greater than the largest of the three (juantities m', m'\ m'^\ 
the truth of the theorem follows at once. 

4. A Shorter Method of Computation. By subtracting Rj,, in 
the fonn given in §3, from S we obtain : 



where 



^= 2* [^1*^1 + ^^"2 + • • X^-w J + 74, 



(><) 



V- 1+A + - ^^ + • ■ • 1.2 . . .(A-r) ^'^ 



TheX's are the same for all series and may be ccmiputed once for all. A few 
sets are tabulated : 



, ' 


\ 


\ 


\ 


\ 


h \ 


X. 


\ 


\ 


\, 


\i 


,' 


15 


11 


5 


1 


' 


i 








7 


128 


120 


99 


64 


29 ; 8 


1 








11 


2047 


2036 


1981 


1816 


1486 ' 1024 


662 1 2»2 


67 


12 


1 



By the use of this table Ex. II, §2 would 1k» computed as follows : 

/S= 1.4427- .9102 + ^(15X.72ia- llX. 021(1 + r)X.')')81 -.5181))+// 
= .9237 + i?. 

Unless we know from other considerations (§,'>) an upper limit to Ii the 
method used in §2 is usually more convenient, sinc(» in that n^ethod we can 
observe the rate of convergence. 

5. Determination of an Upper Limit for the Error. Let us 

confine ourselves henceforth to the alternatin<r series : 
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EVALUTION OF SLOWLY CONVERGENT SERIES. 191 

aS' = l?i — Va -h 1^8 — ^4 -+■ • • •> Vfi > 0. , (10) 

Fonn the successive orders of differences of the absolute value series Vi + v^ 
-h Vj -h • • . If we denote the geneml tenn by A'*v„, the series (7) becomes : 

^^'= h^- h ^'"^ + h ^*"^ + ^- O'-'^A'-it;, + . . .. (11) 

In some cases the differences c^n be computed in general terms. Thus 

a a{a+l) a{a + l)(a-f 2) 
^ - ^ "" 6 + ft(6 + 1) "" 6(6 + 1)(6 + 2) "^ • • • • ' ^<^- (^^> 



let : 



Computing the differences and substituting in (11) : 

1 1 6- a l (6^a)(6,a4-l) 

'^- 2^ 2^nr "^ 2^ 6(6 + 1) "^'" • ^^'^^ 

The ratio of any tenn to the preceding term is less than J. Hence the error 
made by stopping at any term is less than the last term added. The series in 
§2, Exs. IV and VII are of this form. 

Theorem. If there is a function f{x) ^vhich has continuous derivatives 
of the first k -\- \ orders when x ^ 1 ; and if the derivatives of even order are 
positive^ those of odd order negative ; and f(n) = v„ = (— l)» + i?/„ > ; then 

\iik\ <2X-I^il- 

Proof Form the secjuence 

/(«^o)> fi^o + Ax"), f{Xo + 2 Ax), ... . 

It can be proved* that the rth difference quotient A*'/*(x)/Ax converges uni- 
foniily to the value d^f(x)/dx^B^ Ax approaches zero. Hence a positive number 
S may be chosen so that for all values of x ^ 1, when Ax < S, A**y*(x)/Ax'*and 
d^f(x)/dx^ have the same sign. Now choose Ax < S so that Ax is an aliquot 
part of unity, i.e., m A* = 1. Then the v-series may be formed by taking 
every mth tenn of the above secjuence, if Xq is properly chosen. It is easily 

shown that anj^ difference of the t'-series is the sum of positive multiples of dif- 

>■ 

* Cf. for instance, Harnack, Die Elemeute der Differential' und Integralrechnung , §83, 
where the proof can easily be made to meet the question as to the uniformity of the converg- 
ence. 
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fereiK'os of the same order of this series. Ilenee A*"?',, is positive when r 
even and net^itiv<* when r is odd. It follows that 

I A*"r„ I > I A* r„ ^ 1 1 . But, from { 



Ilenee I ^'^i I < .Ja- ^^''•i!<2i- I ''> i * 

Bv the use of this theorem W(» ean prove that the results of Kxs. II, 1 
V, VI are eorreet. 

6. Application to Divergent Series. If our method be a))pl 
U) eertain diver*rent series it renders them convergent. This faet beeome»- 
peeuliar int<3rest when we apply tlie method to power s<'ri<'s, as we thus get 
analytie continuation of the function originally represented. But similar 
suits may be reached by the method of conformal transformation.* 

As this treatnuMit of this phas<» of the subject is simph*r, we will i 
enter upon the discussion here. 

Hakvard Un'ivkksitv. 

Cambrum^k, MA^WACII^8Krr*<, 
April, 1902. 



♦ Paiiilev6 has trlven a j^eneial statement of the method; Paris Thesis, 1887; Ann 
de la FacxiltP dcx Srienrfs de Tonlonne, vol. 2 (1888). p. B.l. A nnmberof special developm< 
are worked out In detnil by K. Lindeiof, Acta socletatls sclentlarum Fennlcae, vol. 24 (181 
No. 7. 
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